CHAPTER1:Systems of Linear Equations and Matrices

1.1 Introduction to Systems of Linear Equations

Information in science, business, and mathematics is often organized into rows and
columns to form rectangular arrays called “matrices™ (plural of “matrix”). Matrices often
appear as tables of numerical data that arise from physical observations, but they occur in
various mathematical contexts as well. For example, we will see in this chapter that all of
the information required to solve a system of equations such as

M4y=3

r=yp=4

is embodied in the matrix

a 15
2 =14

Linear Equations Recall that in two dimensions a line in a rectangular xy-coordinate system can be
represented by an equation of the form

ax + by =c (a,b not both 0)

and in three dimensions a plane in a rectangular xyz-coordinate system can be represented by an equation
of the form

ax + by + cz =d (a,b,c not all 0)

These are examples of “linear equations,” the first being a linear equation in the variables x and y and the
second a linear equation in the variables x, y, and z. More generally, we define a linear equation in the n
variables x1, X2, . . ., X» to be one that can be expressed in the form

a1+ G+ - +anXp=b (1)

where gy, a3, . .., an and b are constants, and the a’s are not all zero. In the special cases wheren=2 orn

=3, we will often use variables without subscripts and write linear equations as




aix + azy =b (a1, a; not both 0) (2)
ai1x + ayy + asz =b (a1, a, as notall 0) (3)
In the special case where b =0, Equation (1) has the form
a1X1 + G2Xo ++ + +ApXn= 0 (4)

which is called a homogeneous linear equation in the variables x1, xa, . . ., Xn.

EXAMPLE 1

Observe that a linear equation does not involve any products or roots of variables. All variables occur only
to the first power and do not appear, for example, as arguments of trigonometric, logarithmic, or

exponential functions. The following are linear equations:

x+3y=7 X —2x— 3t xg =10

1y —y+3z=—1 n4+onto-tx, =1

The following are not linear equations:

x+3y =4 x4+ 2y—xy=35

sinx +y=0 JEa A In 4+ =1

A finite set of linear equations is called a system of linear equations or, more briefly,
a linear system. The variables are called unknowns. For example, system (5) that follows has unknowns x

and y, and system (6) has unknowns x1, x2, and xs.

S5x4+y=73 dx) — x2 + Jxy = —1 (5-6)
)
x—y=4 3+ x4+ 9y = —4
A general linear system of m equations in the n unknowns xj, xa, ..., ty can be written
as
ai1X) + apxs + -+ aiaXs = by
anxy +anxy + --- +apx, =b -
. . . ()
OmiX1 + dmaX2 + -+ + GmaXa = bw
A sedution of a linear system in n unknowns x, X2, ..., Xn 15 a sequence of n numbers
LTI P 5y for which the substitution
X =58, X3 =581,..., Xy = 5p

Linear Systems in Two and Three Unknowns

Linear systems in two unknowns arise in connection with intersections of lines. For example, consider the

linear system




aix+biy=c

ax+by=c

in which the graphs of the equations are lines in the xy-plane. Each solution (x, y) of this system
corresponds to a point of intersection of the lines, so there are three possibilities:

1. The lines may be parallel and distinct, in which case there is no intersection and consequently no
solution.

2. The lines may intersect at only one point, in which case the system has exactly one solution.

3. The lines may coincide, in which case there are infinitely many points of intersection (the points on the
common line) and consequently infinitely many solutions.

In general, we say that a linear system is consistent if it has at least one solution and inconsistent if it has

no solutions. Thus, a consistent linear system of two equations in

Mo solution One solution Infinitely many
solutions
{coincident lines)

two unknowns has either one solution or infinitely many solutions—there are no other possibilities. The

same is true for a linear system of three equations in three unknowns

ax + by +coiz =4,
@mx+hy+oz=d
aix + by + oz = d
in which the graphs of the equations are planes. The solutions of the system, if any, correspond to points

where all three planes intersect, so again we see that there are only three possibilities—no solutions, one

solution, or infinitely many solutions




g 485 G

Mo solutions No solutions No solutions No solutions
(three parallal planes; {two parallel planes; (mo comman intersection) {two coincident planes
no comman intersection) no common intersection) parallel to the third;

no common intersection)

One solution nfinitely many solutions nfinitely many solutions nfinitely many solutions
{intersection is a point) {intarsection is a line) {planes are all coincident; | | (two coincident planes;
intersection is a plane) intersection is a line)

EXAMPLE 2 A Linear System with One Solution
Solve the linear system
x-y=1
2x+y=6
Solution We can eliminate x from the second equation by adding -2 times the first equation to the second.
This yields the simplified system
x-y=1
3y=4
From the second equation we obtain y =4 /3, and on substituting this value in the first equation we
obtain x =1 + y =7/3. Thus, the system has the unique solution
x=7/3,y=4/3
Geometrically, this means that the lines represented by the equations in the system intersect at the single

point (7/3, 4/3).

EXAMPLE 3 A Linear System with No Solutions
Solve the linear system

x+y=4

3x+3y=6




Solution We can eliminate x from the second equation by adding -3 times the first equation to the second
equation. This yields the simplified system
x+y=4
0=-6
The second equation is contradictory, so the given system has no solution. Geometrically, this means that
the lines corresponding to the equations in the original system are parallel and distinct. they have the

same slope but different y-intercepts.

EXAMPLE 4 A Linear System with Infinitely Many Solutions
Solve the linear system
4x -2y =1
16x-8y =4
Solution We can eliminate x from the second equation by adding -4 times the first equation to the second.
This yields the simplified system
4x-2y=1
0=0
The second equation does not impose any restrictions on x and y and hence can be omitted. Thus, the
solutions of the system are those values of x and y that satisfy the single equation
dx -2y =1 (8)

Geometrically, this means the lines corresponding to the two equations in the original system coincide.
. . . . . . . 1 1
One way to describe the solution set is to solve this equation for x in terms of y to obtain x = 2 +§ y and

then assign an arbitrary value t (called a parameter)

EXAMPLE 5 A Linear System with Infinitely Many Solutions
Solve the linear system
X-y+2z=5
2x-2y+4z=10
3x-3y+6z=15




Solution This system can be solved by inspection, since the second and third equations are multiples of
the first. Geometrically, this means that the three planes coincide and that those values of x, y, and z that
satisfy the equation

X-y+2z=5 (9)
automatically satisfy all three equations. Thus, it suffices to find the solutions of (9).
We can do this by first solving this equation for x in terms of y and z, then assigning arbitrary values r and s
(parameters) to these two variables, and then expressing the solution by the three parametric equations
X=5+r-2s,y=r,z=5s
Specific solutions can be obtained by choosing numerical values for the parameters r and s. For example,

taking r =1 and s = O yields the solution (6, 1, 0).

The basic method for solving a linear system is to perform algebraic operations on the system that do not
alter the solution set and that produce a succession of increasingly simpler systems, until a point is
reached where it can be ascertained whether the system is consistent, and if so, what its solutions are.
Typically, the algebraic operations are:

1. Multiply an equation through by a nonzero constant.

2. Interchange two equations.

3. Add a constant times one equation to another.

Since the rows (horizontal lines) of an augmented matrix correspond to the equations in the associated
system, these three operations correspond to the following operations on the rows of the augmented
matrix:

1. Multiply a row through by a nonzero constant.

2. Interchange two rows.

3. Add a constant times one row to another.

These are called elementary row operations on a matrix.

In the following example we will illustrate how to use elementary row operations and an augmented
matrix to solve a linear system in three unknowns. Since a systematic procedure for solving linear systems
will be developed in the next section, do not worry about how the steps in the example were chosen. Your

objective here should be simply to understand the computations.




EXAMPLE 6 Using Elementary Row Operations
In the left column we solve a system of linear equations by operating on the equations in the system, and

in the right column we solve the same system by operating on the rows of the augmented matrix.

x+ y+2z=9 [1 1 2 ﬂ
x+4y -3z =1 2 4 =3 |
Ix+6y —3z=0 [3 6 —5 IIIJ
Add — 2 times the first equation to the second Add — 2 times the first row to the second to obtain
to obtain
x4+ y+2z= 9 [1 1 2 91
2y —Tz=-17 0 2 -7 17
3x +6y—5z= 0 Ll 6 =5 0
Add —3 times the first equation to the third to Add — 3 times the first row 1o the third to obtain
obtain
x4+ y+ 2z2= 9 11 2 o]l
2y— Tz =-17 0 2 =7 17
Iy —1lz =-27 | 0 3 -1 =27
Multiply the second equation by 5 to obtain Multiply the second row by 5 to obtain
x4+ y+ 2z2= 9 11 2 9]
V- F=—f 3 4
Jy — 1z =-27 A 3 -1 =27

Add —3 times the second equation to the third ~ Add —3 times the second row to the third to
1o obtain obtain

x+y+
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Multiply the third equation by —2 to obtain Multiply the third row by —2 to obtain

x+y+2z= 9 P 1 2 9“
y-fe=—% 0 1 -3 %
z 3 Lu 01 3J




Add —1 times the second equation to the first Add —1 times the second row to the first to

to obtain obtain
1 o 4=
0o 1 -1 -
I:[] 01

Add J times the third equation to the first  Add —'_T' times the third row to the first and j
and 5 times the third equation to the second to times the third row to the second to obtain

obtain
x =1 F 0 0 1"‘
¥ o 1 0 2

L{::}]}J

X +
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The solutionx = 1, y = 2, z = 3 is now evident.

1.2 Matrices and Matrix Operations

DEFINITION 1 A matrix is a rectangular array of numbers. The numbers in the array are called the entries

in the matrix.

EXAMPLE 1 Examples of Matrices

Some examples of matrices are

1 2 P
3 oo0f. 2 1 0 =3L 1|0

-1 4 L{]

= bal= X
- |
=
[
1
—
'y —
| I |
=

A matrix with only one row, such as the second in Example 1, is called a row vector

(or a row matrix), and a matrix with only one column, such as the fourth in that example ,is called a
column vector (or a column matrix). The fifth matrix in that example is both a row vector and a column
vector.

We will use capital letters to denote matrices and lowercase letters to denote numerical quantities.
The size of a matrix is described in terms of the number of rows (horizontal lines) and columns (vertical
lines) it contains.

Thus a general 3 x 4 matrix might be written as

’Vﬂl: i s fd‘:i—l
A=lay an an aun

ayp diy diz dig




the first notation being used when it is important in the discussion to know the size,

and the second when the size need not be emphasized. Usually, we will match the letter denoting a matrix
with the letter denoting its entries; thus, for a matrix B we would generally use bj; for the entry in row i
and columnj, and for a matrix C we would use the notation ¢j.

The entry in row i and column j of a matrix A is also commonly denoted by the symbol (A);;. Thus, for

matrix (1) above, we have (A);j= aj and for the matrix

=7 7

we have (A)11=2, (A)12=-3, (A)z1=7,and (A)22 = 0.

A matrix A with n rows and n columns is called a square matrix of order n, and the

shaded entries ai1, a2z, . . ., annin (2) are said to be on the main diagonal of A.

a1 dyz - dip

ax dap --- dag

|_ )l dp2 -+ gy J

(2)

DEFINITION 2 Two matrices are defined to be equal if they have the same size and their corresponding

entries are equal.

Equality of Matrices

Consider the matrices
2 1 21 21 0
’1=[_1 1} Hz[ﬁ 5}' Cz[_l 4 u}
If x=5, then A = B, but for all other values of x the matrices A and B are not equal, since not all of their

corresponding entries are equal. There is no value of x for which

A = Csince A and C have different sizes.

DEFINITION 3 If A and B are matrices of the same size, then the sum A + B is the matrix obtained by adding
the entries of B to the corresponding entries of A, and the difference A — B is the matrix obtained by
subtracting the entries of B from the corresponding entries of A. Matrices of different sizes cannot be

added or subtracted.




EXAMPLE 3 Addition and Subtraction

Consider the matrices

[2 |
A=]-1 0
2

K

-1 b =
o L
1
[==]

Il
- 1
|

ted  d s

bd bd el
= LA
|
i [LE—
1
]
Il
1
—

Then

[—1 4—‘ { 6 —2 —5 2—‘
A+ B = l and A—B=|-3 -2 2 3
7 1 1

The expressions A+ C,B+ C, A - C,and B - C are undefined.

=T S5 I
[FUR SR
L]

DEFINITION 4 If Ais any matrix and cis any scalar, then the product cA is the matrix obtained by
multiplying each entry of the matrix A by c. The matrix cA is said to be

a scalar multiple of A.

DEFINITION 5 If Ais an m x r matrix and B is an r x n matrix, then the product
AB is the m x n matrix whose entries are determined as follows: To find the entry in row i and column j of
AB, single out row i from the matrix A and column j from the matrix B. Multiply the corresponding entries

from the row and column together, and then add up the resulting products.

EXAMPLE 5 Multiplying Matrices

Consider the matrices

Do {4 1 4 _1"|

= B = — 3
A [2 . [J. B 0 -1 3 1
2 7 5 2

Since A isa 2 x 3 matrix and B isa 3 x 4 matrix, the product AB isa 2 x 4 matrix.
To determine, for example, the entry in row 2 and column 3 of AB, we single out row 2
from A and column 3 from B. Then, as illustrated below, we multiply corresponding
entries together and add up these products.

- 1
=
|
b
LT
|——|

A

—
(]
=]
LA

(2-4)+(6-3)+(0-5) =26

10




The entry in row | and column 4 of AB is computed as follows:

s ol 1 4 3 1
Béﬁ]{g T ;_HEEE

2 7

LF

(1-3+2-D+4-2)=13

The computations for the remaining entries are

(1-4)+ (2-0)+(4-2) = 12
(1-)—@2-+@-T)= 27
(1-4)+(2-3)+(4-5 = 30
(2-4)+ (6-0)+(0-2)= 8
(2-1)—(6-1)+(0-7T) = —4
(2-3)+(6-1)+(0-2)= 12

12 27 30 13
8 —4 26 12

The outside numbers then give the size of the product.

A B AB
m = r r > R = m x N
Inside |
Outside

EXAMPLE 6 Determining Whether a Product Is Defined

Suppose that A, B, and C are matrices with the following sizes:

A B C
Ixd 4 %7 Tx3

AB is defined and is a 3 x 7 matrix; BCis defined and is a 4 x 3 matrix; and

CA is defined and is a 7 x 4 matrix. The products AC,CB, and BA are all undefined.

Partitioned Matrices A matrix can be subdivided or partitioned into smaller matrices by inserting
horizontal and vertical rules between selected rows and columns. For example, the following are three
possible partitions of a general 3 x 4 matrix A—the first is a partition of A into four sub matrices
A11,A12,A21, andA;;; the second is a partition of A into its row vectors ry, ry, and r3; and the third is a

partition of A into its column vectors ¢, ¢, €3, and c4:




@y dgz gy | Ay -
Ay Ag
A=lay ap ap|ay|=
LAz Az
| T3 @y dag | iy |
a1 @1z dia g ri
A=lan gmz am au|=|rn
a% @k dih diy rs
&gy | Gz | s | i
A=lan |gn |an |gual =[a o o )
% | @i | a3y | aag

Matrix Multiplication by Columns and by Rows

AB = A[b, b, ba] =[Ab; Aby --- Ab,]

(AR computed column by column)

ay H1B
ap=|"|p=|"B
Ay Ay, B

(AR computed row by row)
In words, these formulas state that

jth column vector of AB = A[ jth column vector of B

ith row vector of AB = |ith row vector of A|B

EXAMPLE 7 Example 5 Revisited
If A and B are the matrices in Example 5, the second column vector of AB can be obtained by the
computation

H | S

12




the first row vector of AB can be obtained by the computation

- 1 4 3
[1 2 4]l0 —1 3 1| =12 27 30 13]
NERE )
First row ¢ i First row of 48

To see how matrix products can be viewed as linear combinations, let Abe anm xn

matrix and x an n x 1 column vector, say

dypp gz s Qg X
7 G I X3
A= ° ) ) and x =
Am1  dmz2 * mn xrr_
Then
apXy + apxy +-+ dpXy, iy )2 tl1n
dnxy + anxs 44 dniy 3 iy €l
Ax = . . . =x| T |4+ T+t T
Am1X1 + Am2X2 + - -+ dmnXy dm1 ff.url_ L

EXAMPLE 8 Matrix Products as Linear Combinations

The matrix product

—1 3 2 2 1
2 -3 —1|=1|-9
2 1 -2 3 —3

P Lad
+
tad
|
ad b2
I
|
W [e—

—1
2 1] =1
2

|
2
|
"

EXAMPLE 9 Columns of a Product AB as Linear Combinations

We showed in Example 5 that

4 1 4 3

A3124DI’*1 12 27 30 13

12 6 0 i - -4 2 12
2 7 5 2

13




12 —4 1] +0 2] +2 4]
- 6 0
271 2_+?_4
4| |2 0
[30 ] A 1 3" q_4_
2% |2 + +- 0
[13] _1T+ L
121 |2 0

Matrix Form of a Linear System
Matrix multiplication has an important application to systems of linear equations. Con-
sider a system of m linear equations in n unknowns:

dnxy + Xz -4 dinXy

= b]
Anx) + anxs +---4 anx, = b

Am1X1 + Am2X2 + -4 QunXa = by

Since two matrices are equal if and only if their corresponding entries are equal, we can
replace the m equations in this system by the single matrix equation

apX; + apXa 4+ 4 Al b
@ X1 + ani: +---+ dwmiXa by
1 X + iy Xa +--+ Ay Xy Ib‘wr

The m = | matrix on the left side of this equation can be written as a product to give

dyy dyz g X b
1  dy g X2 b2
Am1 Amz  ** Amn X by

If we designate these matrices by A, x, and b, respectively, then we can replace the original
system of m equations in 7 unknowns by the single matrix equation

Ax=0b

The matrix A in this equation is called the coefficient matrix of the system. The augmented matrix for the

system is obtained by adjoining b to A as the last column; thus the augmented matrix is

14




an @iz - g | by
T
[A]b] =

iy L T ‘b.lrz

DEFINITION 7 If A is any m x n matrix, then the transpose of A, denoted by AT, is defined to be the n x m
matrix that results by interchanging the rows and columns of A; that is, the first column of AT is the first

row of A, the second column of AT is the second row of A, and so forth.

EXAMPLE 11 Some Transposes

The following are some examples of matrices and their transposes.

ay i di o diy 2
A= dn  d dxn dg |, B = 1 4], C= || 3 5' D= |4|
5 6

sy iy diz Ay

yy  da  dy

|
. . ] 2 5 - 1
AT — ap an dmn . BT = I . cT=|3]|, D" =[4] «
a1y dy dag 34 5

g g

T~

DEFINITION 8 If A is a square matrix, then the frace of A, denoted by tr{ A), is defined
to be the sum of the entries on the main diagonal of A. The trace of A is undefined
if A is not a square matrix.

EXAMPLE 12 Trace

The following are examples of matrices and their traces.

—1 2 7 0

day dp dp |V 3 5 _8 4
A=lan an an|, B= ] 2 7 =3
az  dxp  da 4 _32 1 'DJ

tr(A) = ay + axn + an tr(B)=—-14+54+74+0=11

Exercises Use the following matrices to compute the indicated expression if it is defined.
15
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3 4 4 1
a) D+ E (b) D — E (c) 5A
idy —7C e) 2B-C (f) 4E — 2D
gy —3(D4+2E) (h) A— A (1) tr(D)
() tr(D—3E) (k) 4tr(7RB) (1) tri{A)

Exercises Find matrices A, x, and b that express the given linear system as a single matrix equation Ax = b,

and write out this matrix equation.

{a) 2xy — 3 + 5= 7T
9, — x4+ x:=—1
x4+ 5x 4= 0
(b) 4x; — 3+ xy=1
x4+ a — Bxy =3
2y —5x + 9y — x3=0
J.".'; — X3+ -".T; =2

1.3 Inverses; Algebraic Properties of Matrices

Properties of Matrix Addition and Scalar Multiplication

THEOREM 1.3.1 Properties of Matrix Arithmetic

Assuming that the sizes of the matrices are such that the indicated operations can be
performed, the following rules of matrix arithmetic are valid.

(a) A + B =B + A[Commutative law for matrix addition]

(b) A+ (B +C) = (A + B) + C [Associative law for matrix addition]

(c) A(BC) = (AB)C [Associative law for matrix multiplication]

(d) A(B + C) = AB + AC [Left distributive law]

(e) (B + C)A = BA + CA [Right distributive law]

(f)A(B-C)=AB-AC
16




(g) (B-C)A =BA-CA
(h)a(B+C)=aB+aC
(i)a(B-C)=aB -aC
(j)(@+b)C=aC+bC
(k) (@a-b)C=aC-bC

(1) a(bC) = (ab)C

(m) a(BC) = (aB)C = B(aC)

EXAMPLE 1 Associatively of Matrix Multiplication

As an illustration of the associative law for matrix multiplication, consider

e e

01

Then
E

’71 2—‘ ’7
4 3
AB =13 4 [j ]] = |20
0 lJ i L 2
Thus

(s
(AB)C = | 20

and

E
P
L{]

so (AB)C = A(BC).

q

—l 4 311 0 10 9
and Bf:[l l] 2 3}=[4 3]

13

1

In matrix arithmetic, however, the equality of AB and BA can fail for three possible reasons:

1. AB may be defined and BA may not (for example, if Ais 2 x 3 and Bis 3 x 4).

2. AB and BA may both be defined, but they may have different sizes (for example, if

Ais2 x3and Bis 3 x 2).

3. AB and BA may both be defined and have the same size, but the two products may

be different (as illustrated in the next example).

EXAMPLE 2 Order Matters in Matrix Multiplication

17




Consider the matrices
Multiplying gives

Thus, AB £ BA.

Zero Matrices A matrix whose entries are all zero is called a zero matrix. Some examples are

0

. Mﬂ 60 0 o M

[0 {J] '[00[}0] (o) 1
{JDOJ

0

THEOREM 1.3.2 Properties of Zero Matrices

If cis a scalar, and if the sizes of the matrices are such that the operations can be perfomed, then:
(aJA+0=0+A=A

(b)A-0=A

(c)A-A=A+(-A)=0

(d) 0A =0

(e)IfcA=0,thenc=00or A=0.

P EXAMPLE 3 Failure of the Cancellation Law

Consider the matrices
o1 1 1 2 5
,4:{0 } :L 4] CZL J
3 4
.»'5.Jiii!:,¢1.lf=|:ﬁI E:|

We leave it for you to confirm that

Although A # @, canceling A from both sides of the equation AB = AC would lead
to the incorrect conclusion that B = C. Thus, the cancellation law does not hold, in
general, for matrix multiplication (though there may be particular cases where it is true).

18




B EXAMPLE 4 A Zero Product with Nonzero Factors
Here are two matrices for which AB =0, but A 0 and B £ 0.

3 - -

Identity Matrices A square matrix with 1’s on the main diagonal and zeros elsewhere is called an identity

matrix. Some examples are

10 o0 0

1 0 PU“—| ‘{Jlﬂ‘
I]]'|:[}I:|' 010 15 01 ol
loot] o001

1 0 0

Ah=|:ﬁl'l a2 ﬂ11:| [D I {.'I—|=|:ﬂ“ a2 a|3i|:’!'
@73

ax a2 ap o dap an
[D 0 ]J

The same result holds in general; that is, if A is any m x n matrix, then

Al,=Aand InA=A

Inverse of a Matrix In real arithmetic every nonzero number a has a reciprocal
a!(= 1/a) with the propertya-a*t=a1-a=1
The number a1 is sometimes called the multiplicative inverse of a. Our next objective is to develop an

analog of this result for matrix arithmetic. For this purpose we make the following definition.

DEFINITION 1 If Ais a square matrix, and if a matrix B of the same size can be found suchthat AB=BA =1,
then A is said to be invertible (or nonsingular) and B is called an inverse of A. If no such matrix B can be

found, then A is said to be singular.

EXAMPLE 5 An Invertible Matrix

Let

-9
Il
—
|
(o]
[P
| I
=
=
=%
=<
Il
1
[ S ]
I
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Then

w200 960
wel 90 -1

Thus, A and B are invertible and each is an inverse of the other.

THEOREM 1.4.5 The matrix

a=[2 7]

iz invertible if and only if ad — be # 0, in which case the inverse is given by the formula
1 d —b
o4 :
ad —bc |—c a @

We will omit the proof, because we will study a more general version of this theorem
later. For now, you should at least confirm the validity of Formula (2) by showing that

AA'=A"A=1].

A

w B

=ad— bc
L]

det(A) =

EXAMPLE 7 Calculating the Inverse of a 2 x 2 Matrix

In each part, determine whether the matrix is invertible. If so, find its inverse.

6 1 —1 2
{HJA=|:5 2] {bj.*’1=|: ; —Eni|

Solution (a)] The determinant of 4 is det(A) = (6)(2) — (11(3) = 7, which is nonzero.
Thus, A is invertible, and its inverse is

=53

We leave it for you to confirm that AA™' = A~1A =

lin i
P I ey
IS

Solution |b) The matrix is not invertible since det{A) = (—1){—&) — (2)(3) = 0.

THEOREM 1.3.6 If A and B are invertible matrices with the same size, then AB is invertible and (AB)™ =
BlA™!
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e The sum of tow invertible matrices needs not to be invertible

0 1
A:{1 3} ,det(A)=0-1=-1=0 invertible
2 1 : .
B= L 5} ,det(B) =10-1=9+#0 invertible
2 2 : .
A+B= {2 2} ,det(A+B)=4-4=0 not invertible

e The sum of tow not invertible matrices needs not to be not invertible

10
A= {O O} ,det(A)=0-0=0 not invertible
00 . .
e B-= 11 ,det(B)=0-0=0 not invertible

10
A+B:[1 J ,det(A+B)=1-0=1 invertible

EXAMPLE 9 The Inverse of a Product

Consider the matrices

-
I
S
L b
-
=]

I
—_—
b e
13 b2
= -

We leave it for you to show that

ap=|" 1. am .
and also that

O RS ) AT I R

Thus, (AB)~' = B4

Powers of a Matrix I A is a square matrix, then we define the nonnegative integer powers of A to be
.‘iu =1 and A"=AA... A |m Factors|
and if A is invertible, then we define the negative integer powers of A to be

A" = fz‘q_l)ﬂ = A_IA_I . --.‘i_] |m Factors)

2-3=(23)1=8-1=1/8

THEOREM 1.3.7 If A is invertible and n is a nonnegative integer, then:
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(@) A~ is invertible and (A=)~ = A.
(b) A" is invertible and (A") "' = A™" = (A7)
{c) kA is invertible for any nonzero scalar k, and (kA)™' = k7'A7L,

5A

3 2
A= det(A)=3-0=3
01

15 10 . .
5A= 5 , det(5A)=15.5-0.10=75=0 invertible

0
1 -2
75/0 15 0 1
5

a1 -2
30 3
1 -2

5‘1A_1=1.1 1 -2 :i 1 -2 _ E E

530 3| 15/0 3 o 1

5
EXAMPLE 10 Properties of Exponents

Let A and A™! be the matrices in Example 9; that is,

o e
i | i s R
S B | R B R

so, as expected from Theorem 1.4.7(F).

31 1 41 =301 [ 41 =301, .4
(A% _{lI]{4]}—(30}{lij[—l5 ll}_[—l_ﬁ ]|]_M}I

Also,




EXAMPLE 12 A Matrix Polynomial

Find p(A) for
plx)=x’—2x—3 and A= [_

Solution
piA)y=AT—24 3]

SR PN

A.A1=A1 A=

2 0
o If A= compute:
4 1

1- A2

2- A3

3- A22A+

4- P(x)=x3-4x2+7x-18, find P(A)
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THEOREM 1.3.8 If the sizes of the matrices are such that the stated operations can be performed, then:
(@ (AT =A

(b) (A+BT =AT + BT

(&) (A-B)T =AT —B7

(d) (kA)T = kAT

() (AR)T = BTAT

THEOREM 1.3.9 If A is an invertible matrix, then AT is also invertible and

(AT )t = (A7)

2 4 -9 5 0 9
e A=13 4 2 |,B=|2 4 1|compute(A+B)":
1 7 0 10 0 O
2 31 5 2 10
Al=|4 4 7|,B"=|0 4 0
-9 20 9 1 0
7 5 11
AT+B"'={4 8 7
0 3 0
7 40 7 5 11
A+B=|5 8 3|,(A+B)' =(4 8 7
11 7 0 0 3 0

Then AT+BT=(A+B)T

1.4 Elementary Matrices and a Method for Finding A1

DEFINITION A matrix E is called an elementary matrix if it can be obtained from an identity matrix by
performing a single elementary row operation.

Example : Listed below are three elementary matrices and the operations that produce them.
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00
1 0| (2R)
01

1 00
E,=| 0 1 0| (3R, +R,)
01

Finding inverse matrix by elementary row operation:

[Ah a ] elemntaryrowoperation [I
xn " 'n 4 n

EXAMPLE 4 Using Row Operations to Find A™!

1 3
e Find the inverse of A:{2 4} (if it exist)

Solution:

1 310 1 3] 1 0
-2R, +R,
2 40 1| ——0 -2 -2 1

1 31 0 10
ERZ 1 3 :
0 2-2 1] 2 0o -1 -1 >
i 1 0 1 0
1 3]1 B 1} 1R, Ll) j 1 1}
RO 2
) 3
1. 31 0 0 -2 =
1| -3R,+R 2
1 1 ~3 ) o, 1
- 2
9 g
Then Al=
; 1
2

. A_lnxn ]
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6 3
e Findtheinverse of A= { } (if it exist)

4 2
—63‘10]1 1%%0
1
420 1] 6~ 14 2l 0 1
i 1
1 1 1] =
1 o =0 —4R1+R21—60
206 | —0 2| 5
42 01 0 0= 1

A-ldoes not exist

EXAMPLE 4 Using Row Operations to Find A~!

1 2 3
Find theinverseof A=|2 5 3
1 0 8
| 2 3 | 0
2 5 3 1
1 0 8 0 |
-2R1+R2, -R;1+R3
1 2 3 1 0
] 1 -3 -2 |
o =2 5 —1 0 1

2R2+R3,




3R3+R2, -3R3+R1

2 0

0 1 0

0 0 1
-2R>+R;

1 0 0

0 1 0

0 0 |
Thus,

=)
o = 2
I

— s led

13

e

0 0
1 0
2 1
1 0 0
2 1 0
5 -2 -1
6 3
-5 =3
-2 -1
16 9
-5 =3
-2 -1
—40 16
= 13 -5
5 =2

EXAMPLE Showing That a Matrix Is Not Invertible
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1 6 4
Consider the matrix A=| 2 4 -1

-1 2 5
1 6 4 1 0 0
2 4 —1 0 1 0
—1 2 5 0 0 1

-2R1+Rz ’ R1+R3

0 —8 —-9| =2 1 0

0 8 9 1 0 1
R>+R3

1 6 4 1 0 0

0 -8 -9 -2 1 0

0 0 0] —1 1 1

Since we have obtained a row of zeros on the left side, A is not invertible.

THEOREM If A is an invertible n x n matrix, then for each n x 1 matrix b, the system of equations Ax =b

has exactly one solution, namely, x = A~1b.
Al(Ax=b) , AlAx=Alb ,Ix=Alb, x=A"b

Example: Consider the system of linear equations
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X -+ 2.1'3 + 3.1'_1 = 5
2.1'] + 5.1'2 + 3.1'_1 = 3
i 4 8xy =17

In matrix form this system can be written as Ax = b, where

1 2 3 X
A:ESB,x:xE,h:
I 0 B X3 17
A is invertible and
—40 16 9
A= 13 -5 =3
5 =2 -l
the solution of the system is
—40 16 9 5 1
x=A"'"b=| 13 =5 =3|| 3|=|-1
5 =2 -1 17 2
orx; =1, x;=—1,x; =2
Example: Solve the systems
() x4+ 2xy+3x3=4 (b) xj+2x34+3x3= 1
2+ 5x+ 3y =5 2oy + S+ 3= 6
Xy + 8x: =9 X + Bxy = —6
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Solution The two systems have the same coefficient matrix. If we augment this co-
efficient matrix with the columns of constants on the right sides of these systems, we

obtain B _
1 2 3 4 ]
2 5 3 5 G
1 0 8 9] —6
Reducing this matrix to rc-du'.:u::J row echelon form 3-'j|:]d_'_-; {verify)
(10 o | 1] 2]
0 1 0 0 1
| 0 0 1 =1

Diagonal, Triangular, and Symmetric Matrices

Diagonal Matrices: A square matrix in which all the entries off the main diagonal are zero is called a

diagonal matrix.
3 0 0
A=|0 -2 0
0 0 O

A general n x n diagonal matrix [ can be written as
di 0 .. 0
0 d -~ 0
Lo o - d)

A diagonal matrix is invertible if and only if all of its diagonal entries are nonzero: in

this case the inverse of (1) is

dy 0 o 0
» 0 1jdy --- 0
D = : 2)

D (1)




You can venfy that this s so by multiplying (1) and (2).
Powers of diagonal matrices are easy to compute; we leave 1t for you to verify that if
D is the diagonal matrix (1) and k is a positive integer, then

[df 0 - 0 "‘
0 df ... 0
| |

Dt = : : : (3)
Lt:: 0 .- d;’;'J
2 00
Example:if A=|0 3 0/, find A, A3 A3, A2
0 0 1
1 0 0
2
At=]0 1 0
3
0 0 1
8 0 O]
A*=10 27
0 0 1]
1 0 O
8
A2=0 1 0
27
0 0 1
4 0 0
A’=|0 9 0
0 01

Triangular Matrices A square matrix in which all the entries above the main diagonal are zero is called
lower triangular, and a square matrix in which all the entries below the main diagonal are zero is called

upper triangular. A matrix that is either upper triangular or lower triangular is called triangular.
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(4 0
A=|-1 9
|2

(4 9 1
A=/0 9 6

0 01
THEOREM

(a) The transpose of a lower triangular matrix is upper triangular, and the transpose of an upper triangular
matrix is lower triangular.

(b) The product of lower triangular matrices is lower triangular, and the product of upper triangular
matrices is upper triangular.

(c) A triangular matrix is invertible if and only if its diagonal entries are all nonzero.

(d) The inverse of an invertible lower triangular matrix is lower triangular, and the inverse of an invertible

upper triangular matrix is upper triangular

Example:

Consider the upper triangular matrices

P _1—1—‘ P _2 z—l
A=10 2 4_|S={] 0 —1

0 0 SJ I:[] 0 1

the matrix A is invertible but the matrix B is not. Moreover, the theorem also tells us that A-1, AB, and BA

must be upper triangular.

4{ } 43{ } 34{ }

DEFINITION: A square matrix A is said to be symmetricif A=AT .

[P T ATy P

3 -3 4 3 3 0
A=|3 5 5| AT=|-3 5 -2
0 -2 7 4 5 7

Remark: 1- If Ais diagonal then A = AT
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2-Every diagonal matrix is symmetric

3 0 ; |3 0
Example: A= , A = =A
0 -1 0 -1

THEOREM If A and B are symmetric matrices with the same size, and if k is any scalar, then:

(a) AT is symmetric.
Proof: since A is symmetric then AT=A — (AT)" = AT - A=AT
(b) A+ B and A - B are symmetric.

(c) kA is symmetric.
(d) AB is symmetric if and only if AB=BA

(A.B)7= BT.AT = B.A=AB

Conversely
If (A.BQE: ani(‘“}T:BT-AT -BA
A.B=B.A

THEOREM If A is an invertible symmetric matrix, then A~ is symmetric.

THEOREM If A is an invertible matrix, then AA™ and ATA are also invertible.

Example: Find all value of a,b and ¢ for which A is symmetric

3 a-2b-2c 2a+b+c

A=13 5 a+c

0 -2 7
Solution: A=AT
3 a-2b-2c 2a+b+c 3 3 0
3 5 a+c |=|a-2b-2c 5 =2
0 -2 7 2a+b+c a+c 7
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— a-2b-2c=3
2a+b+c =0

at+c =-2

atc=-2 > c=-2-a

a-2b-2c =3 —» a-2b-2(-2-a)=3
a-2b+4+2a =3
3a-2b=-1

2a+b+c =0 — 2a+b-2-a=0

a+b=2
3a-2b=-1 - (1)
athb=2 e (2)

2eq(2) +eq(1)> 5a=3 —»a=3/5,b=7/5and c=-13/5

Definition: A square matrix A is said to be skew-symmetric if A’=- A .

THEOREM If A and B are skew- symmetric matrices with the same size, and if k is any scalar, then:

(a) AT is skew-symmetric.

(b) A+ B and A - B are skew-symmettric.

(c) kKA is skew- symmetric.

THEOREM If A is an invertible skew-symmetric matrix, then A~ is skew- symmetric.

The procedure (or algorithm) we have just described for reducing a matrix to reduced row echelon form is

called Gauss—-Jordan elimination. This algorithm consists of two parts, a forward phase in which zeros are
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introduced below the leading 1’s and a backward phase in which zeros are introduced above the leading

1’s. If only the forward phase is used, then the procedure produces a row echelon form and is called

Gaussian elimination.

EXAMPLE: Gauss—Jordan Elimination

Solve by Gauss—Jordan elimination.
X+ 3xm — 2y + 2xs
2y + by — Sxy — 2xy 4+ das —
Sxy 4+ 10xy

3.\?5
T |.5.Tr;
2xy + b

Solution The augmented matrix for the system is

S.T_; + 4.1’5 s lE.TE, =

P i =2 0 2 0 o"‘
2 6 =5 =2 4 —3 -1
lo o s 10 o 15 sl
Lz 6 0 8§ 4 18 6
-2R1+R2 , -2R1+R4
1 3 =2 0 2 0 0
0 0 -1 =2 0 -3 -1
o o 5 10 0 15 5
Lu 0 4 0 18 ()J
-R, then -5R2+R3, -4R;+Rs, 2R2+R1
1 3 -2 0o 2 0 0
o o 1 2 0 3 1
0o o0 0 0 0 0 0
Lu O 0 0 0 6 EJ

Interchanging the third and fourth rows and then multiplying the third row of the re-
sulting matrix by IE gives the row echelon form

1 3 -2 0 2 0 0

0 0 1 2 1] 3 1
o 0o 0 o 0 1 % |
Lu 0 0 0 0 0 r;nJ

-3R3+R2, 2R2+R;

1 3 0 4 2 0 0

0 0 1 2 1] 0 0

o o o o o 1 !

0 0 0 1] 1] 0 CIJ
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The corresponding system of equations is
x4+ 3x + dxy + 2x5 =10

xy 4+ 2y =10

Solving tor the leading variables, we obtain

Xy = —3x —4xy — 2xs
X3 = —2x4

_ 1
Xp = 3

Finally, we express the general solution of the system parametrically by assigning the
free variables x3, x4, and x5 arbitrary values r, 5, and ¢, respectively. This yields

X=—3r—4s—2, xa=r, ma=-—25, x3=35 Xs=1, Xg= -';
'x, | [-3r—4s-2t] [ 0] [-3] [-4] [-2]

X, r 0 1 0 0

Xg —-2s 0 0 -2 0

= = +r +S +1

X, S 0 0 1 0

Xg t 0 0 0 1

Xs | | 1\3 1 [1\3] | 0 | 1 0] [ 0]
r=1,s=2,t=0

X1=-11 , X2=1 , X3=-4, X4=2, X5=0 ) X5=1\3

Homogeneous Linear Systems
A system of linear equations is said to be homogeneous if the constant terms are all zero; that is, the

system has the form

anxy + apxy +---+ apxy =0
anxy + anxy +--+ apxg =0
Am1X| + Gmaxa ++ amaxg =10

Every homogeneous system of linear equations is consistent because all such systems have x1 =0, x2=0, ..
., Xn =0 as a solution. This solution is called the trivial solution; if there are other solutions, they are called
nontrivial solutions.

Because a homogeneous linear system always has the trivial solution, there are only
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two possibilities for its solutions:
® The system has only the trivial solution.

* The system has infinitely many solutions in addition to the trivial solution.

EXAMPLE: A Homogeneous System

Use Gauss—Jordan elimination to solve the homogeneous linear system

x4+ 3 — 2y + 2xs =10
2+ 6y — 3y — x4+ 4xs — Jag =0
5x; 4+ 10x, + 15x, =10
2x; + b + Bxy+dxs + 18Bxg =10
Solution
i -2 0 2 ] 0
2 h -5 -2 4 -3 0
0 0 5 10 0o 13 0

Lz 6 0 & 4 I8 r;:J

which is the same as the augmented matrix for the system in previous Example , except for zeros in the
last column. Thus, the reduced row echelon form of this matrix will be the same as that of the augmented
matrix in Example 5, except for the last column. However, a moment’s reflection will make it evident that

a column of zeros is not changed by an elementary row operation, so the reduced row echelon is

(13{14:{::}]
oco1 2000
lo o000 1 ol
o000 0000
The corresponding system of equations 15
x + 3o + dxy + x5 =10
X3+ 2x4 =10
Xg = 0
Solving for the leading variables, we obtain
X = —3x —4xy — 2xs
X3 = —l‘l.'4
Xp = 0

If we now assign the free variables x2, x4, and x; arbitrary values r, s, and ¢, respectively,
then we can express the solution set parametrically as

N==3dr—d4s—X, x=r, x3=-25, xa=25, xs5=1I, xg=10
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X [—3r—-4s-2t] [0 -3 —4] -2
X, r 0 1 0 0
Xq -2s 0 0 -2 0
X, S 0 0 1 0
Xs t 0 0 0 1
| Xs | | 0 | 0] | 0 ] | 0| | 0 ]
r=1,s=0,t=0

Mote that the trivial solution results whenr =5 =t = (.

CHAPTER?2
Determinants

2.1 Determinants by Cofactor Expansion

o A=[0]> det(A)=0
o Asla,]o det(A)=a,

b b
e A=|? P15 deta) =2 U|=ad—cb
c d c d
a b c a b c
e A=|d e f|—> det(A)=/d e f
g h i g h i
f d f d
det(A)=a| ' |-b it ©
h i g i g h

Determinants of 2 x 2 and 3 x 3 matrices can be evaluated very efficiently using the pattern suggested in

Figure
Tty Gr 98 HI|_ A2
dar Ha Gy Bei Gaf | 8a] dp

.n'.'n';" .E'J'.*.-]'. E_n'.;_‘.' L5 ’ 3o
. .

e e

det=aii.ax-a12.axn1

EXAMPLE: Find the determinant of the matrix
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3 1 O
1) A=|-2 -4 3

5 4 -2

-4 3 -2 3 -2 -4
det(A) =3 -1 +0

4 -2 5 =2 5 4
=3(8-12)-1(4-15)+0
=-12+11+0=-1

OR

3 1 03 1
det(A)=-2 -4 3|-2 -4

5 4 -215 4
=(24+15+0)-(0+36+4)
=39-40=-1

EXAMPLE:

If A is the 4 x 4 matrix

=

[1 0
31
A=

1 0 -

[:uo

[ S I ]

|

then to find det(A) it will be easiest to use cofactor expansion along the second column,

since 1t has the most zeros:

N 0 —1
det(Ay=1-11 =2 1
2o 1

For the 3 x 3 determinant, it will be easiest to use cofactor expansion along its second
column, since it has the most zeros:
1 -1
IJ-E'IZ{A:] =1--2.

2 1

=-=2(14+12)
= —6

1 2 -3 1

2 3 0 1
2) A=

21 -1 2

3 0 0 4
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THEOREM: If Ais an n x n triangular matrix (upper triangular, lower triangular,

or diagonal ), then det(A) is the product of the entries on the main diagonal of the matrix; that is, det(A) =

di11d22 *** dnn.

EXAMPLE: evaluate the determinant of the given matrix

1 2 1 =3

0 1 —4 1
0 0 7
Lu 0 3J

det=1.1.23=6

2- Evaluating Determinants by Row Reduction

THEOREM: Let A be a square matrix. If A has a row of zeros or a column of zeros, then det(A) = 0.

THEOREM: Let A be a square matrix. Then det(A) = det(AT).

THEOREM: Let A be an n x n matrix.

(a) If B is the matrix that results when a single row or single column of A is multiplied

by a scalar k, then det(B) =k det(A).

(b) If B is the matrix that results when two rows or two columns of A are interchanged, then det(B) =

—-det(A).

(c) If B is the matrix that results when a multiple of one row of A is added to another or when a multiple of

one column is added to another, then det(B) = det(A).
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Relationship Operation
kay  kap  kag day a3 dp In the matrix B the first
| @y an an|=kl|ay an an row of A was multiplied
{ ~ B | } T by k.

s 5y iy 3 dz dy
dy dp  dn dyy Gz dpa In the matrix B the first and
'ﬂ” dy  dg :_'ﬂ,_ o a,_ll second rows of A were
T S interchanged.
@y dmn  dn gy G dun|
det |'.=I det(A)
f@in +kan a4+ kan a4+ kan) |an aiz ais| | Inthe matrix B a multiple of
a an ap | =|ay am ay| | thesecond row of A was
| | | added to the first row.
ayy g s | dy  dy Gas
i( B i A
EXAMPLE:
3 5T
A= > det(A) = -7
3 5T
B= > det(B) = —14 = 2.det(A)
o 1]
C=|, o|det(C)=7=—det(A)

THEOREM: Let E be an n x n elementary matrix.

(a) If E results from multiplying a row of In by a nonzero number k, then det(E) = k.

(b) If E results from interchanging two rows of In, then det(E) = -1.

(c) If E results from adding a multiple of one row of In to another, then det(E) = 1.

EXAMPLE:
100 0 0001
o 0 1 ol=2 |r;: 01 o

The second row of Iy
was multiplied by 3.

Thee tirst and last rows of
I; were interchanged.
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[— I — I — ]
==

0
l
0
0

= R

7 times the last row of [,
was added to the first row.

THEOREM: If A is a square matrix with two proportional rows or two proportional columns, then det(A) =

0.

EXAMPLE:
3 -12

A= }—>det(A):0 (C, =-4C,)
2 -8
3 1 2

B=[6 5 0|—>det(B)=0 (R,=2R))
6 2 4

EXAMPLE:

Evaluate det{A) where

0 ]
A=1]3 -6 9
2 6 |
0 ] i —6 9
det(A) = 3 —6 9 =—|0 | 5 — 1 1 -.-:1|
il Hng
2 6 ]| 2 6 | '
1 -2 3
=-=30 | 5 - T ict
2 6 1 \rough the determinan
T -2 3
= 30 1 5 2 tim firs
Ide
a o =5
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0 0 —55
1 -2 3
=(=3)(=55 [0 1 5
0o 0 1

= (=3)(=55)(1) = 165

EXAMPLE:

Evaluate det{ A) where

—

10 times the second row

was added to the third row.

a— A common factor of

from the last row was taken
through the determinant sign

P 5 =2 ﬁ"|
1 2 -1 |
2 4 15
3 7 5 3
Solution By adding suitable multiples of the second row to the remaining rows, we
obtain
0 —1 1 3
det(A) — | 2 -1 1
D=l 0 3 3
1] | 1]
—1 1 3
= — ] 3 3 « Cofactor expansion along
the first column
1 8
—1 1 3
=—| 0 3 3 +— Weadded the first row to the
9 3 r..lli..ll"-l.
1 33 «+ Cofactor expansion along
=Dy 5 the first column.
=—18 -
EXAMPLE:
ab c
If detfd e f |=-6,find
g h i
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d e
1- dettg h i |=-6
a b c
32 3 3¢
2- detj—-d -e —f|=3.-14.-6=72
49 4h 4
la+g b+h c+i
3- det| d e f |=-6

g h I
[ 3a 3b 3c
4- det|] d e f =3.-6=-18

1 g-3d h-3e i-3f

EXAMPLE:

Evaluate the determinant of the matrix by first reducing the matrix to row echelon form and then using

some combination of row operations and cofactor expansion.

2 1 3 1]
1 0 1 1
0o 2 1 0
0O 1 2 3
2 1 31 101 1
101 1 2 1 31
== (R1<_)R2)
0210 0210
01 2 3 01 2 3
101 1
-011_(2R+R)
o210 1o
012 3




10 1
0 1 -
== 00 -1 2 (—2R2+R3), (_R2+R4)
0 0 1
1 01 1
011 -1
= -R
001 —2( 2)
0 01 4
1 01 1
011 -1
= -R; +R
00 1 _2( s +R,)
0 00O 6
=1.1.16=6

2.3 Properties of Determinants; Cramer’s Rule

Suppose that A and B are n x n matrices and k is any scalar.

1. det(kA) = k" det(A)

\kay  kap  kaps)| dyy a2 dn
{ { 1

kay kan kanl=klany an an
lkay  kan  kas| iy a4

2. det(A + B) # det(A) + det(B)

S R

We have det(A) = 1. det{B) = 8, and det{ 4 + B) = 23; thus

Consider

det(A + B) &£ det(A) + det(B)

3. det(AB) = det(A) det(B)

3
8

]
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Consider the matrices

T O AT

We leave it for you to verify that

detid) =1, det(B)=—-23, and det(AB)=-23

Thus det( AB) = det( A) det{ B)

THEOREM Let A, B, and C be n x n matrices that differ only in a single row, say the rth, and assume that

the rth row of C can be obtained by adding corresponding entries in the rth rows of A and B. Then
det(C) = det(A) + det(B)

The same result holds for columns.

Example:

"I 7 "‘ P 7 5" [l 7 5"‘
det 2 0 =det | 2 0 I3 4+det]2 0 3

I+0 441 ?+{—IJJ IJ 4 7 [[} 1 —IJ

L]

s

4 5 -2 4 5 -2 4 5 -2
det{3 0 7 |=det{3 O 7 |+det3 0 7
9 10 4 4 5 3 55 1
4 5 -2 4 5 -2
If A=|3 0 7 |,B=|3 0 7 |Finddet(A)+det(B)
4 5 3 55 1

THEOREM If A is invertible, then

det(A) = — L
det(A)
Example:
ab c
Let A=|d e f |, andassume that det(A)=-5
g h i
Find:
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1. det(3A)= 33 det(A)=27. -5=-135

2. det(A™M)= t 1
det(A) -5
1 3 A 1 8
3. det(2A7)=2"det(A7)=8———=—=
det(A) 5
1 1 1 1

4. det(2A)* =

det(2A)  2°det(A) 8.-5 40
Cofactor expansion

Let

[
|
fce
=
I

6 3
Cu=+_, =0+12=12

3
Co=-_ |=-(0-6)=6
. O‘ (0-6)
6
Cpo=+ 4‘ =-4-12=-16..

Ciy=12 Cia=6 Ci3=—16
C“ =4 ng =2 Cg; =16
Cy =12 Cyn = —10 Cy =16

12 6 -16
C=14 2 16
12 -10 16

DEFINITION 1 If Aisanym x n matrix and Cj; is the cofactor of aj;. then the matrix
Cu Ciz --- Cia
Cy Cn -+ Cn

lC Co - Cul

is called the matrix of cofactors from A. The transpose of this matrix is called the
adjoint of A and is denoted by adjiA).
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Let

Find adj(A)

12 4 12
Adj(A)=C=| 6 2 -10
~16 16 16

THEOREM Inverse of a Matrix Using Its Adjoint

If A is an invertible matrix, then

+=——adj(A
det(n) O
Let
3 2 -1
A= [l il 3—‘
[3 —4 CIJ
Find A?
12 4 12
4 1 ) 1
A :madJ(A)=& 6 2 —10
e(A) ~16 16 16

THEOREM Cramer’s Rule

If Ax = b is a system of n lincar equations in n unknowns such that det(A) # 0, then
the system has a unigue solution. This solution is

_ det(A,) _ det(Az) det(A,)
T Ay T AT T daA)
where Aj is the matrix obtained by replacing the entries in the jth column of A by the

entries in the matrix
[b]-l
b=1 .

Lb.]
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Example:
Use Cramer’s rule to solve

x + +2x;= 6
—3xr; + 4x + by = 30
—x; —2xy +3x3= 8

Solution

1 o0 2] 6 0 2"‘
A=1-3 4 6l A =13 4 &l
-1 =2 3 g —2 JJ
1 6 2] 10 a"|
Ay=1-3 30 &6 Az=1-3 4 30
-1 8 3 S EJ
Therefore,
. _ det(Ay))  —40  —10 o det(A;) 72 18
T det(A) T 4 11 YT det(A) #4411
_dathy 123
det{A) 44 11
2)

—x — 4+ 20+ xy = —32
2x; — x2 4+ Txy + 9 14
—X 4+ X434 = 11

Xy — 2x + xy — 4y

|
|
.

3)

n—3xn+ n= 4
2x, — X» = =2
4x, — 3= 0
CHAPTERS3

Euclidean Vector Spaces

3.1Vectors in 2-Space, 3-Space, and n-Space

Geometric Vectors




Engineers and physicists represent vectors in two dimensions (also called 2-space) or in three dimensions
(also called 3-space) by arrows. The direction of the arrowhead specifies the direction of the vector and
the length of the arrow specifies the magnitude.

Mathematicians call these geometric vectors. The tail of the arrow is called the initial point of the vector

and the tip the terminal point.

terminal point

nitial point

3 Euclidean Vector Spaces

3.1 Euclidean n-space

In this chapter we will generalize the findings from last chapters for a space with n dimensions,
called n-space.

R2={(x,y): x,y € R}

R*={(x,y,z,1): x,y,z,l eR}
Definition 1

If n € N\{0} then an ordered n-tuple is a sequence of n numbersin R: (a1, az, . . ., an).

The set of all ordered n-tuples is called n-space and is denoted by R".

The elements in R™ can be perceived as points or vectors, similar to what we have done in 2-
and 3-space. (a1, az, a3) was used to indicate the components of a vector or the coordinates of

a point.

Example: RZ2={(x,y): x,y R}
R®={(x,y,2): x,y,z €R}

Definition 2
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Two vectors u = (U1, Uz, ..., un)and v = (vi, v, . . ., vn) in R" are called equal if

U1 =V, U2 =V, ..., Uy =Vp

The sum u + v is defined by

u+v=_(ui+vy, U2+Vy ...Uy+Vp)

If k € R the scalar multiple of u is defined by

ku=(kui, kuy,...,ku,) These

operations are called the standard operations in R".

Definition 3

The zero vector 0 in R" is defined by
0=(0,0,...,0)

Foru=(ui, uy, ..., un) € RM the negative of uis defined by
-u=(-ug, -Uz, ..., -Upn)

The difference between two vectors u, v € R" is defined by

u-v=u+(-v)

Theorem 1

Ifu,vandwinR"and k, | € R, then

(a)u+v=v+u
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(b) (u+v)+w=u+(v+w)

(cJu+0=u

(d) u+(-u) =0

(e) k(lu) = (kl)u

() k(u+v) = ku+kv
() (k+u=ku+lu

(h) lu=u

This theorem permits us to manipulate equations without writing them in component form.

Definition 4

If u=(u1, Uz, ..., Un),V=(V1,Va,...,vn) €R", then the Euclidean inner product u-v is defined by

U:-v=uivys+Uzva +...UpnVn

Example u=(3,4,-1,2), v=(0,-1,5,6)

u.v =0+-4+-5+12=3

Theorem 2

If u,vand w in R" and k € R, then
(a)uv=v-u

(b) (u+v) - w=u-w+v-w

(©) (ku)-v=k(u-v)

(d) uu=0.

(e) uru=0ifandonlyifu=0.

52




Proof:

(d) Let u € R then u - u = ui2+ut, by definition. Since all terms are squares they are

greater or equal than zero, and since the sum of numbers greater or equal than zero is

also greater or equal than zero we found that u-u =0.

The total can only be zero if each individual term is zero, thatisu? 50 forall 1 <i<n, but
this is equivalent to ui =0 for 1 <i <n, therefore u = 0, which proves (e).
Definition 5

If u € R" then the Euclidean norm of u is defined by

llull = Juu

The Euclidean distance between two points uand v is defined as

d(u,v) = [|v-ul]

Theorem 3
Cauchy-SchwarzlnequalityinR"

Ifu,v e R", then

Ju-vi<[ul v

Theorem 4

Ifu,v e R",and k e R, then:
(@) [lul] =0

(b) [|u]] =0ifandonlyifu=0
(c) [kul| = k| [u]]

(d) [Ju+wv]|] <]||ul]+|]v]] (triangle inequality)

Proof
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(d) Let u, v € R", then

Hu+v| 2= (JU+V).(U+V))?=(u+V) - (u+v)

uu+2u-v+v-v

ul % +2u-v+]|v][?

112

<||u +2|u-v|+||v||2 absolute value

<] |ul |2+2| [ul||lv]|+] |v||2 Cauchy - Schwarz
= ([lul] +[]v]])?

Then the triangle inequality follows by taking the square root on both sides.

u+v

u

|lu+v]] < [luf] + []v]]

Theorem 5

If u,vand win R" and k € R, then:

(a)d(u, v) =0
(b) d(u,v)=0ifandonlyifu=v
(c)d(u, v) =d(v,u)

(d) d(u, v)< d(u, w) + d(w, v) Triangle inequality
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Theorem 6

Ifu, v eR", then:
1 2 1 2
w =t -2l

Definition 6

Ifu, v € R” then:

Two vectors u, v ER" are called orthogonal if u-v =0.

Example : Letu=(-2,3,1,4),v=(1, 2,0,-1) show that u, vare orthogonal.
u.v=-2+6+0+4=0

then u L v (orthogonal)

Motivated by a result in R2 and R3 we find

Theorem 7

If u and v are orthogonal in R", then
[lu+v||> =]lul[>+]]v]]?

Proof: Let u, v be orthogonal vectors in R thenu-v =0, therefore
[[u+v|]?2 =(u+Vv) (u+v)=||u|]|?+2u.v+||v]]|?
=||ul |2+ [|v]]?

Bl e A F Vot mye
NQFm o1 a Vectol

Plwy, vy, 17q)

56




Dr-Heba Rawashdeh Linear Algebra

Unit Vectors: A vector of norm 1 is called a unit vector.

More generally, if v is any non zero vector in R", then

u="1y
M
EXAMPLE

Find the unit vector u that has the same direction as v = (2, 2, —1).

Solution The vector v has length

IVl = 22+ 22+ (—=1)2 =3

Thus, from (4)

u=122-1)=(3.3.-1)

= 2+2 1o
9 9 9

EXAMPLE
If
u=1(1,3-27) and v=1(0,7,2,2)

then the distance between w and v s

|

du )= (102 +3 -T2 +(—2-212+(7-2)

The dot product and matrix multiplication

Vectors in R can be interpréted as X norn 1 matrices. We will
X
identify vectors in R™ with column vectors in matrix notation, that isn 1

matrices.
In this case the scalar multiplication and addition in the Euclidean space is

equivalent to the scalar multiplication and addition for matrices,

respectively.

ul
u2
u=| . |oru=[u u, .. u]
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u | vy ] Tu +v, ]
U, | [v,| |u,+V,

u+v=|. |+ . |=
|V LU, v,
'
ku,
ku=
_kun_
Or
u+v=[u u, . . oul+lv, v, ., v ]=[u+v, u,+v,

For the dot product and the matrix multiplication of two Vectors u,v R" the

following relationship h

u-v=u'v=vlu

olds:

Vl
V2
uv=lu, U, LoLou | = Uy U, UL Y,
_Vn_
5 -1
-4 3
Example: U= , V=
7 6
0 5
-1
3
uv=[( -4 7 0 g |=—5+-12+42+0=25
5

Or

Linear Algebra

u,+Vv, ]
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5
u.v=[-1 3 6 5 = —-5+-12+42+0=25
0
Form Dot Product Example
1 |'
u=|-3 w'y=[1 -3 514 =-7
U a colummn - 5 IJ"'
matrix andva | w-v=u'vy=v"u ) N
column matrix [3] !
v=14 Viu=[5 4 0]|-3|=—7
Lo} s
3
u=[1 -3 5 |w=[1 -3 5|4|=-7
U a row matrix 0
andvacolumn | w-v=uv=v"u’ 5
matrix v= 4 B 1
0 Vol =[5 4 0]|-3|=-7
[
1 w=[5 4 0]|-3|=-7
U a column n= | —3 5
matrix andva | w-v=w=u"v" - .
row matrix o 3—|
v=[5 4 1] vy =1 -3 5]l4!=-7
o]
H
w' =1 -3 5]l4!l=-7
U row matrix - u=[1 -3 3] L[J_
and v a row p-v=mw' =w’
matrix v=[5 4 0] 1
w =[5 4 0]|-3|=-7
5

and therefore for a n x n matrix A

Au.v=v'Au=u-Alv

u.Av=viATu=ATu.v

EXAMPLE: Verifying that Au*v =u-A"v
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Suppose that

=

[ N -
|
E SR E
— L
I
=
I
1
|
b2 =

Then

i

=

Il
-
Y™
|
N B ]
— L
|

L

tad el =

— = 2
o
-
1
= |I..:

I
[

| — |
d |1

from which we obtain
Au-v=T(=2)+ 10{D) + 5(5) =11
u- ATy = (—1=T) +2(0) + 4(—1) = 11

Example: Let u=(-3,24,0), v=(4,7,-32), w=(5-281).
Find:

a) V—w=(-1,09,-11,1)

b) 2u+7v=(-6,4, 2, 0) + (28, 49, -21, 14) = (22, 53, -19, 14)

c) —u+(v—4w)=(3,-2,-1,0)+(-16, 15, -35, -2) = (-13, 13, -36, -2)

d) |u|=v9+4+1+0= V14
e) |u-v|=+49+25+16+4 =94

f) ful+[v] =v14 + V16 +49+9+4 =14 + 78

yw_ (G-28) _ 5 -2 8 1,
8 W Vassareari  \Joa'Jod' Joi Yo

_\/25 4 64 1 |94

w

v

h) — =

—t—+—+— =
94 94 94 94 94

Example: Find all values of k for which the following vectors are orthogonal
u=(k, k, 1), v=(k, 5, 6).
Solution: Since uand v are orthogonal thenu.v=0

k2+5k+6 =0

60




Dr-Heba Rawashdeh Linear Algebra

(k+3) (k+2) =0

k= -3, k=-2

Example: Find u . v where ||u +V||=IL ||u —V|| =5

Solution: u.v = Su+v|?=Lju—v|
4 4

General Vector Spaces

4.1 Real Vector Spaces

DEFINITION 1 Let V be an arbitrary nonempty set of objects on which two operations

are defined: addition, and multiplication by numbers called sealars. By addition we

mean a rule for associating with each pair of objects u and v in V an object u + v,

called the swm of u and v; by scalar multiplication we mean a rule for associating with

each scalar k and each object u in V' an object ku, called the scalar multiple of u by k.

If the following axioms are satisfied by all objects u, v, win V and all scalars k and

m, then we call V' a vector space and we call the objects in V rectors.

I. Ifwandvare objects in V, thenu+ visin V.

u+v=v-+u

ut(v+w)=(ut+v)+w

4. Thereis an object 0in V. called a zero vector for V, suchthat0 +u=u+0=u
for allwin V.

fad It

L

For cach uw in V, there is an object —u in V, called a megative of u, such that
u+(—u) =(—u) +u=I0

6. If k is any scalar and w is any object in V| then kuisin V.

7. klu+v) = ku+ kv

8.k +mu=ku+ mu

9, k(mu) = (km)(u)

[, lu=mu

To Show That a Set with Two Operations Is a Vector Space

Step 1. Identify the set V of objects that will become vectors.
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Step 2. Identify the addition and scalar multiplication operations on V.

Step 3. Verify Axioms 1 and 6; that is, adding two vectors in V produces a vector
in V, and multiplying a vector in V by a scalar also produces a vectorin V.

Axiom 1 is called closure under addition, and Axiom 6 is called closure under
scalar multiplication.

Step 4. Confirm that Axioms 2, 3,4, 5, 7, 8,9, and 10 hold.

EXAMPLE: The Zero Vector Space

Let V consist of a single object, which we denote by 0, and define
0+0=0andk0=0

for all scalars k. It is easy to check that all the vector space axioms are satisfied. We

call this the zero vector space.

EXAMPLE: R" Is a Vector Space

Let V = R", and define the vector space operations on V to be the usual operations of
addition and scalar multiplication of n-tuples; that is,

u+v=(uy,uUy...,Un)+ (v, Vo ..., vp)=(Ur+Vy, U2+ Vy ..., Un+Vp)

ku = (kus, kus, . .., kup)

The set V = R" is closed under addition and scalar multiplication because the
foregoing operations produce n-tuples as their end result, and these operations

satisfy Axioms 2,3, 4,5, 7, 8,9, and 10 by virtue of Theorem.

EXAMPLE: The Vector Space of Infinite Sequences of Real Numbers

Let V consist of objects of the form

in which my, o, ..., Hg, - .. 1% an infinite sequence of real numbers. 'We define two infi-
nite sequences to be equal if their corresponding components are equal, and we define
addition and scalar multiplication componentwise by

In the exercises we ask you to confirm that V with these operations is a vector space.

We will denote this vector space by the symbol R*.
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EXAMPLE: The Vector Space of 2 x 2 Matrices

Let V be the set of 2 x 2 matrices with real entries, and take the vector space operations
on V to be the usual operations of matrix addition and scalar multiplication; that is,

Wy My Ui U2 Wy + vip M2 4 Up2
u+t+v= + = (1)
M2 M13 Uzg U Mx + vy Hn+Uvn
o — & My My2 _ kny kupa
M1 WD ks kun
The set V is closed under addition and scalar multiplication because the foregoing oper-
ations produce 2 = 2 matrices as the end result. Thus, it remains to confirm that Axioms

2,3.4,5,7,8,9,and 10 hold. Some of these are standard properties of matrix operations.
For example, Axiom 2 follows from Theorem 1.4.1{a) since

nty— |:H1| “12]+[U11 Er‘11i| _ |:L‘11 U|3]+ |:H1| “12i| —v+u
Mz N2 Un ty  Un Mz M2
Similarly, Axioms 3, 7. 8, and 9 follow from parts (5)., (f), ( /), and {¢), respectively, of
that theorem (verify). This leaves Axioms 4, 5, and 10 that remain to be verified.

To confirm that Axiom 4 is satisfied, we must find a 2 » 2 matrix 0 in V for which
u+ 0 =0+uwforall 2 x 2 matrices in V. We can do this by taking

0 0]
0=
0 0]

With this definition,

0+ 0 0 L | w2 | Wil g2
"“lo o uy  wn|  |wn un] !
and similarly u 4+ 0 = w. To verify that Axiom 5 holds we must show that each object

uin V has a negative —uin V such that u + (—u) = 0 and (—u) +u = 0. This can be
done by defining the negative of uto be

—My —H2
-
— —HM32
With this definition,

My W12 —H1  —Hiz 0 o0
u+(—u) = + = =0
W1 W22 —Hz  —H2 oo

and similarly (—u) 4+ u = 0. Finally, Axiom 10 holds because
iy W2 by b2
Hyy  Hn L] B

EXAMPLE: let V= {(x,y,z) € R3: ax+by+cz=0, a,b,c R} is a vector space

Letu,yv e V
u=(x1, y1, 1) s.t axi+byi+cz1=0
v=(X2, Y2, 22) s.t axa+by,+cz,=0

u+v= (X1+X2, y1t+y2, Z1+22)

P

a (X1+X2)+b(y1+y2)+C(Z1+Zz) =0

a(xa+x2)+b(y1+y2)+c(z1+22) = axa+ axz +byi+bys+czi+cz,
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=ax1+byl+czl+ ax2+by2+cz2 =0+0
Thenu+v e V

ku =(kx1,k y1,k z1)

2

k ax1+kby1+kczl¥0
k axi+kbyi+kczi=k( axi+byi+czi)=k.0 =0
Then ku e V

EXAMPLE: let V={(x,y)e R2: x>0} is not a vector space
u=(x1,y1), X120
v=(X2,y2), X220
u+v= (X1+X2,Y1+Y2) , X1+X220

k.u=(kxq,ky1), if k=-10 then kx1<0

4.2 Subspaces

THEOREM If W is a set of one or more vectors in a vector space V, then W is a
subspace of V if and only if the following conditions are satisfied.

(a) If u and v are vectors in W, thenu + v is in W.

(b) If k is a scalar and u is a vector in W, then ku is in W.

EXAMPLE: The Zero Subspace

If Vis any vector space, and if W = {0} is the subset of V that consists of the zero
vector only, then W is closed under addition and scalar multiplication since
0+0=0andk0=0

for any scalar k. We call W the zero subspace of V.

EXAMPLE: A Subset of R? That Is Not a Subspace
Let W be the set of all points (x, y) in R? for which x>0and y 20 . This setis not a
subspace of R because it is not closed under scalar multiplication. For example,

v=(1,1)isavectorin W, but (-1)v =(-1,-1) is not.

EXAMPLE: Subspaces of M,
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We know from Theorem that the sum of two symmetric n x n matrices is symmetric
and that a scalar multiple of a symmetric n x n matrix is symmetric. Thus, the set of
symmetric n x n matrices is closed under addition and scalar multiplication and
hence is a subspace of Mp,. Similarly, the sets of upper triangular matrices, lower

triangular matrices, and diagonal matrices are subspaces of My,

EXAMPLE: A Subset of M,, That Is Not a Subspace

The set W of invertible n x n matrices is not a subspace of M, failing on two
counts—it is not closed under addition and not closed under scalar multiplication.
We will illustrate this with an example in M5, that you can readily adapt to M.

Consider the matrices

1 2 -1 2 0 4
U= and V= U+V =
{2 5} [—2 5} {0 10}

The matrix OU is the 2 x 2 zero matrix and hence is not invertible, and the matrix

U + V has a column of zeros so it also is not invertible.

EXAMPLE: The Subspace of Polynomials of Degree < n

Recall that the degree of 4 polynomial is the highest power of the variable that occurs with
a nonzero coefficient. Thus, for example, if a, # 0 in Formula (1), then that polynomial
has degree n. It is mot true that the set W of polynomials with positive degree n is a
subspace of F(—2=, =) because that set is not closed under addition. For example, the
polynomials

1+ 2r +3x° and 54 Tx —3x°

both have degree 2, but their sum has degree 1. What is true, however, 15 that for each
nonnegative integer n the polynomials of degree n or fess form a subspace of F{—oo, x).
We will denote this space by F,.

DEFINITION: If wis a vector in a vector space V, then w is said to be a linear
combination of the vectors vy, vy, ..., vr in Vif w can be expressed in the form

W = k1V1 + kovo +- - -+k, v,

where ky, ka, . .., krare scalars. These scalars are called the coefficients of the linear

combination.

THEOREM: If S = {w1, wy, ..., Wr }is a nonempty set of vectors in a vector space

V, then:
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(a) The set W of all possible linear combinations of the vectors in S is a subspace of V.

(b) The set W in part (a) is the “smallest” subspace of V that contains all of the
vectors in Sin the sense that any other subspace that contains those vectors

contains W.

DEFINITION: If S = {w1, wy, ..., w; } is a nonempty set of vectors in a vector space V,
then the subspace W of V that consists of all possible linear combinations of the
vectors in S is called the subspace of V generated by S, and we say that the vectors
Wi, W, ..., W, span W. We denote this subspace as

W =span{wi, wz, ..., w, }or W =span(S)

EXAMPLE: The Standard Unit Vectors Span R"

Recall that the standard unit vectors in R" are
e, =(1.0,0, ..., 0, e=(0,1.0,..., 0, ..., e, =10,0.0,..., 1)
These vectors span R® since every vector v = (v, v2, .. ., vn) in R" can be expressed as
V=18 + e + - -+ Ugty
which 15 a inear combination of e, ez, ..., eg. Thus, for example, the vectors
i= (00, j=i01.0, k=001
span R? since every vector v = (a, b, c) in this space can be expressed as

v=la,b,c) =all,0,0)+5{0,1,0)+c(0,0,1) =ai+ bj+ck

R" =span {e1, €2, ..., €1 }
R3=span{ ey, ez,€3}

u=(2, 3, -2)
u=2e1+3ey+-2e3

=(21010)"'(0’310)+(010r'2)=(213l'2)

V=(5,0,0)=5e;
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EXAMPLE: A Spanning Set for P,

The polynomials 1, x, x*, ..., x" span the vector space P, defined in Example
edach polynomial p in Fy can be written as

p=ag+ax+--+ax"
which is a linear combination of 1, x, x%, ..., x". We can denote this by writing

P, =span{l. x.x°,.... x" -

1+x10=1+0x+0%x2+0+0+....+1x10

Ps=span{ 1, x, x2,x3}
EXAMPLE: Linear Combinations

Consider the vectorsu = (1,2, —1) and v = (6, 4, 2) in R?. Show that w = (9, 2, 7} is
a linear combination of w and v and that w' = (4, —1, &) is not a linear combination of
uand v.

Solution In order for w to be a linear combination of uw and v, there must be scalars k;
and k2 such that w = kyu + kav; that is,

(9,2, Ty =1, 2, —1) + kai6, 4, 2) = (kg + 6kz. 2k + 4k2, —ky + 2k2)
Equating corresponding components gives
ky + 6ks =9
2k + 4k =2
—ky + 2k =7
Solving this system using Gaussian elimination vields ky = —3, kx = 2, so
w=—3u-4 2v
Similarly, for w' to be a linear combination of u and v, there must be scalars k; and
k2 such that w' = kju + kav; that is,
(4, =1, 8y =ki(1,2, =1) + kai6, 4, 2) = (ky + 6k, 2k + k2, —ky + 2k2)

Equating corresponding components gives

ki +6k= 4
2k + 4k, = —1
ki +2k= 8

This system of equations is inconsistent (verify), so no such scalars ky and ky exist.
Consequently, w' is not a linear combination of u and v.

8ko=12
8ko=15
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EXAMPLE: Testing for Spanning

Determine whether the vectors vy = (1, 1, 2}, v2a = (1.0, 1}, and vi = (2, 1, 3) span the
vector space R°.

Solution We must determine whether an arbitrary vector b = (b, by, b3} in R? can be
expressed as a linear combination
b= kv + kava + kavy
of the vectors v;, v2, and v3. Expressing this equation in terms of components gives
(b, b2, ) =k (1, 1, 2) + k2(1, 0, 1) + k3(2, 1, 3)

or
{b“bi,bj} = '“C] +k1+2.‘fj,k1 +.‘.'3,2IC] +k1+1‘.’j}

or
ki +ky + 2k = by

ky + ki=b

2y + ko + 3k =bs
Thus, our problem reduces to ascertaining whether this system is consistent for all values
of by, b2, and by. One way of doing this is to use parts (¢) and (g) of Theorem 2.3.8,
which state that the system is consistent il and only if its coefficient matrix

[112"’
A=11 0 1

213J

has a nonzero determinant. But this is not the case here since det{ A) = 0 (verify), so0 vy,
va2. and v; do not span R -

EXAMPLE:

Provided thatx = (—1, -2, =2}, u = (0, 1.4), v=(—1,1,2), and w = (3, 1, 2) in B3,
find scalars a, b, and ¢ such that

X =au + bv + cw.
('11 'Zl '2)= a(ol 1; 4)+b(-1l 1: 2)+c(3l 1: 2)
-b+3c=-1 ,at+b+c=-2 ,4a+2b+2c=-2
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Is the set H of all matrices of the form 22 b a subspace
3a+ b 3b P

of Mb.2? Explain.

]

Solution: Since
2. b ] [2a 0 0 b
3a+b 3| |33 0|7 | b 3
]w[ }

ThEI‘E'FDI'-EH=Sp3I'I{[2 [}][T ;]}andﬁnHisa

i 0
subspace of Ma,o.

a+2b
Is H= a+1 : a and b are real } a subspace of R¥?

a
Why or why not?

Solution: 0 is not in H since a = b = 0 or any other combination
of values for a and b does not produce the zero vector. So
property _____ fails to hold and therefore H is not a subspace of R>.

Exercise: In each part, determine whether the vectors span R3.
(@wvi=(1,1,1),v2=(1,1,0),vs=(1,0,0)
(b)vi=(2,-1,3),v2=(4,1,2),v3=(8,-1,8)
Solution:
(a) Is R3=span { vy, v2, v3}
Any vector in R? has the form
(a, b, ¢ )=kavi +ks vo+ k3 v3
=ki(1, 1, 1) +k; (1, 1, 0)+ k3 (0,0, 0)
= (kq+ ko+ k3, kat+ ko, k1)
a=ki+ ka+ ks
b= ki+ k;
c=ka

then ki=c, kao=b-c, k3=a-b

Linear Algebra
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THEOREM: The solution set of a homogeneous linear system Ax = 0 of m equations

in n unknowns is a subspace of R" .

EXAMPLE: Solution Spaces of Homogeneous Systems

In each part, solve the system by any method and then give a geometric description of
the solution set.

1 -2 3 x ] 1 -2 3l lx 0
(a)y |2 —4 & y|l=1|0 (B | =3 7 —8 y|l=1|0
I —6 9 z 1] -2 4 —h Z 0

a tat

|
o |-
C L4

— = k2
|
oo L
I

Solution
{a) The solutions are
=23, y=3s5, z=t
from which it follows that
x=2y—3z or x—2y4+3z=0
This is the equation of a plane through the origin that has n = (1, —2,3) as a
normal.
(b} The solutions are
x=—5, y=—t, z=f

which are parametric equations for the line through the origin that is parallel to the
vectory = (—35, —1, 1).

ic) The only solutionisx = 0, vy = 0, z = 0, 30 the solution space consists of the single
point {0}.

{d) This linear system is satisfied by all real values of x, v, and z, so the solution space

isallof B°. -

4.3 Linear Independence

DEFINITION 1 If § = {v, v2..... ¥} is & set of two or more vectors in a vector space
V., then § is said to be a linearly independent set if no vector in § can be expressed as
a linear combination of the others. A set that is not linearly independent is said to be
lincarly dependent.

THEOREM 4.3.1 A nonempty set § = {v|,¥2, ..., v/} in a vector space V is linearly
independent if and only if the only coefficients satisfying the vector equation

kyvi+kava+ o+ kv =0
arek; =0,k; =0,...,k =0.
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EXAMPLE: Linear Independence in R?
Determine whether the vectors
V1= (1/ _2/ 3)/ Vo = (5/ 6/_1)/ V3 = (3/ 2/ 1)

are linearly independent or linearly dependent in R3.

Solution The linear independence or dependence of these vectors is determined by
whether the vector equation

k1V1 + szz + k3V3 =0
can be satisfied with coefficients that are not all zero.

ki(1,-2, 3) + k2(5, 6,-1) + k3(3, 2, 1) =(0, 0, 0)
Equating corresponding components on the two sides yields the homogeneous
linear System

ki +5k2+3k3=0

-2k1+6ka+2k3 =0

3ki-ka+ks=0
Thus, our problem reduces to determining whether this system has nontrivial
solutions. There are various ways to do this; one possibility is to simply solve the
system, which yields

1 1
ki = —E t ky = —El’,k3=t

This shows that the system has nontrivial solutions and hence that the vectors are
linearly dependent. A second method for establishing the linear dependence is to

take advantage of the fact that the coefficient matrix

1 5 3
A=|-2 6 2|det(A)=0
3 -11

from which it follows that has nontrivial solutions.

EXAMPLE: Linear Independence in R*
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Determine whether the vectors
vi=1(1,2,2, 1), vo=1(499 -4}, v;=1(58,9 -5)
in R* are linearly dependent or linearly independent.

Solution The linear independence or linear dependence of these vectors is determined
by whether there exist nontrivial solutions of the vector equation

kivi +kave + kava =0
or, equivalently, of

ky(1,2,2, —1) + ka(4, 9,9, —4) + ka(5, 8,9, —5) = (0, 0,0, 0)

Equating corresponding components on the two sides yields the homogeneous linear
system
ki +4ky + 5ks =0

2y + Mo+ 8By =10

2k + 9%+ % =0

—ky — dky — 5ky =10
We leave it for vou to show that this system has only the trivial solution

ki=0, k=0 k=0

from which you can conclude that vy, va, and vy are linearly independent.

EXAMPLE: Linear Independence of Polynomials

Determine whether the polynomials
pi=1—x, p2:5+3x—1xi._ p: =1 +3x—x°
are linearly dependent or linearly independent in Ps.
Solution The linear independence or dependence of these vectors is determined by
whether the vector equation

kip, + kapy +ksp; =10

il —x)+ka(5+3x =22 + k(I +3x —x) =0

(ki + 5k + k3) + (—ky + 3k + 3k3)x + (—2ky — k3)x* =0

Since this equation must be satisfied by all x in (—2, =}, each coeflicient must be zero
(as explained in the previous example). Thus, the linear dependence or independence
of the given polynomials hinges on whether the following linear system has a nontrivial

Solution:
ki + 5k 4+ ka=10
—ki +3ky 4+ 3k =0
—2ky— k3 =0
We leave it for you to show that this linear system has nontrivial solutions either by

solving it directly or by showing that the coefficient matrix has determinant zero. Thus,
the set {p;, p2. p3} 18 linearly dependent.
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THEOREM: Let S = {vi, v3, ..., v } be a set of vectors in R". Ifr > n, then S is linearly

dependent
DEFINITION 2 If f; = fi(x).fr = falx), ..., [ = falx) are functions that are
n — | times differentiable on the interval { —==, =), then the determinant
filx) falx) e fplx) |
W) — f.’.(.r} j":i{.i'] e j;;{{.r] ‘
e £ e
is called the Wronskian of fi, fr, ..., fa-

THEOREM: If the functions f1, f, . . ., f, have n-1 continuous derivatives on the
interval (-oo, o0), and if the Wronskian of these functions is not identically zero on

(—o=, ==), then these functions form a linearly independent set of vectors in

C(n-1) (—oo, o).

EXAMPLE: Linear Independence Using the Wronskian

Use the Wronskian to show that f1 = x and f, = sin x are linearly independent vectors

in C(7-1) (oo, oo).

Solution The Wronskian 15

X sinx | )
| =xcosx —sinx

H"'{.l'] =

| cosx

This function is not identically zero on the interval {—aoo, o) since, for example,

V(D)3 (3) - ()=

Thus, the functions are linearly independent.

EXAMPLE: Linear Independence Using the Wronskian

Use the Wronskian to show thatf; = 1, f; = ¢, and f; = e are linearly independent
vectors in O™ (—oo, o).

Solution The Wronskian 15

L Y
Wix) =0 & 25| =2e"
0 & 4

This function is obviously not identically zero on {—oo, @), so fy, f2, and 3 form a linearly
independent set.

73




Dr-Heba Rawashdeh Linear Algebra

4.4 Basis and dimension

Basis for a Vector Space

DEFINITION: If S={v1, v2, ..., vn }is a set of vectors in a finite-dimensional vector
space V, then Sis called a basis for V if:

(a) Sspans V.

(b) Sis linearly independent.

S={1, x, %3, ..., x"}is a basis for the vector space Py.
e1=(1,0,0,...,0),e2=(0,1,0,...,0),...,e,=(0,0,0,...,1) The Standard Basis
for R",

EXAMPLE:

Show that the vectors vy = (1,2, 1), v = (2,9, 0), and vy = (3, 3, 4) form a basis for R
Solution We must show that these vectors are linearly independent and span R'. To
prove linear independence we must show that the vector equation

c1vy +oavy +oyvy =10 (1)
has only the trivial solution; and to prove that the vectors span R* we must show that
every vector b = (b, b2, b3} in R* can be expressed as

civi +ove+eoava=h (2)

By equating corresponding components on the two sides, these two equations can be
expressed as the linear systems

o+ 20+ 3y =0 €1+ 20+ 33 =8
2004+ 9% +3c3=0 and 20 +9%: 4+ 3=k (3)
€ +4cy =0 Cy +dey=bs

(verify). Thus, we have reduced the problem to showing that in (3) the homogeneous
system has only the trivial solution and that the nonhomogeneous system is consistent
for all values of by, by, and by. But the two systems have the same coefficient matrix

P 2 3"‘
A=12 9 3
|_| 0 4J
det(A) = —1, which proves that the vectors vy, v2, and v3 form a basis for R°.
S={vi,v2,vs}

3vi+4va-vs = (3,6,3)+(8,36,0)-(3,3,4) =(8, 39, -1)
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v=(8,39,-1) (v)s=(3,4,-1)
EXAMPLE:

Show that the matrices

I 0 0 1 0 0 0 0
PR R R O P O P

form a basis for the vector space My of 2 % 2 matrices.

Solution We must show that the matrices are linearly independent and span M. To
prove linear independence we must show that the equation

ciMi +ooMs + oMy +esMy =10 (4)

has only the trivial solution, where 0 18 the 2 x 2 zero matrix; and to prove that the
matrices span M2 we must show that every 2 x 2 matrix

s 0]

coMy + oMy +eaMy+ec My =B (5)
The matrix forms of Equations {4) and (5) are

B L PO I U I O ) O
o ol "o ol "1 ol T™o 1| "o o
1 0 01 0 0 0 0] [a b
“Uo ol T2 o791 ol T %0 1|T|e 4
which can be rewritten as

I 0 o0 €y a b
= and =
€31 Ca 0 o €3 4 c d

Since the first equation has only the trivial solution

can be expressed as

op=0y=e3=0cy=10
the matrices are hinearly independent, and since the second equation has the solution
cp=a, co=h, c3=¢c, cuy=d

the matrices span M. This proves that the matrices M;, M2, M5, M, form a basis for
M3, More generally, the mn different matrices whose entries are zero except for a single
entry of | form a basis for My, called the standard basis for My,. 4

DEFINITION: IfS={v1, vy, ..., Vvn}is a basis for a vector space V, and
V =C1V1 + CoVo +- - *+ChVn
is the expression for a vector v in terms of the basis S, then the scalars ci, ¢y, . . ., cn

are called the coordinates of v relative to the basis S. The vector (c1, ¢2, ..., cn)in

R" constructed from these coordinates is called the coordinate vector of v relative to

S; itis denoted by (v)s = (c1, €2, ..., Cn)

EXAMPLE:
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(a) The vectorsvi=(1,2,1),v2=(2,9,0), vs=(3, 3, 4) form a basis for R3. Find the
coordinate vector of v =(5,-1, 9) relative to the basis S = {vi, v, v3}.

(b) Find the vector v in R3 whose coordinate vector relative to Sis (v)s = (-1, 3, 2).

Solution (a) To find (v)s we must first express v as a linear combination of the vectors

in S; that is, we must find values of c3, ¢2, and c3 such that
V = C1V1 + CoV2 + C3V3
or, in terms of components,
(5,-1,9) =ci1(1,2,1) +c2(2,9,0) +c3(3, 3,4)
Equating corresponding components gives
C1+2c2+3c3=5
2c1+9c2+3c3=-1
c1+4c3=9
Solving this system we obtain c1 = 1, c; = -1, c3 = 2. Therefore, (v)s = (1,-1, 2)
Solution (b) Using the definition of (v)s, we obtain
v =(-1)vi +3vy +2v;

=(-1)(1,2,1)+3(2,9,0)+2(3,3,4)=(11,31,7)

DEFINITION: The dimension of a finite-dimensional vector space V is denoted by
dim (V) and is defined to be the number of vectors in a basis for V. In addition, the

zero vector space is defined to have dimension zero.

EXAMPLE: Dimensions of Some Familiar Vector Spaces
dim (R") = n [The standard basis has n vectors. ]
dim (Pn) = n + 1 [The standard basis has n + 1 vectors. ]

dim(Mmn) = mn [The standard basis has mn vectors. ]

EXAMPLE: Dimension of Span(S)

IfS={vi, vy, ..., v, }then every vector in span(S) is expressible as a linear
combination of the vectorsin S. Thus, if the vectors in S are linearly independent,
they automatically form a basis for span(S), from which we can conclude that

dim[span{vy, vy, ..., v, }]=r
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In words, the dimension of the space spanned by a linearly independent set of

vectors is equal to the number of vectors in that set.

EXAMPLE: Dimension of a Solution Space

Find a basis for and the dimension of the solution space of the homogeneous system

x4+ 3x — 2xy + x5 =10
2rp 4 b — Sy — g+ drs — 3xg =0

S5xy + 100, + l5x =0
2xy + b + Brg+4dxs+ 18xs =10

Solution In Example 6 of Section 1.2 we found the solution of this system to be
Xi=—3r—4s—2X, xa=r, Xxa=-285, Xa=25, xs=1, x5=10
which can be written in vector form as

(xy. x3, 0%, Xa, X5, x5) = (—3r —ds — 24, r, —25, 5,8, 0)

or, alternatively, as
(xy, %7, X3, %4, X5, %) = r(—3,1,0,0,0,0) +5(—4,0, -2, 1,0,0) +¢(—2,0,0,0,1,0)
This shows that the vectors

vi=(=31,0,0,0,00, w»=(—4,0,-2,1,0,0), vy=1(-2,0,0,0,1,0)

span the solution space. We leave it for you to check that these vectors are linearly
independent by showing that none of them is a linear combination of the other two (but
see the remark that follows). Thus, the solution space has dimension 3.

Exercises: find a basis for the solution space of the homogeneous linear system, and

find the dimension of that space.

1)

Xx1+x— x3=0
—2x; — X3+ 2x3 =
—X + x;=0
2)
x+ y+ z=0
3x+2y —2z=0
dx +3y— z=10
6x +5v+ z=0
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4.5 Row Space, Column Space, and Null Space

DEFINITION: For an /m x n matrix

IVH” agpp - fﬂ‘:c—‘
i drp -+ dn
A= : i ]

Omy dm2 - frf.r.'mJ
the vectors
ri=lay ap -+ il
rn=lan an --- axl
Tm — |f1r.'1'. dmz - ﬂmnl

in R" that are formed from the rows of 4 are called the row vectors of A, and the

vectors
an az i
iz iy L
¢ = cr = N L Cp = .

IL f:i.-nJ | La;ﬁ-J ILfI;nnJ

in ™ formed from the columns of A are called the column vectors of A.

EXAMPLE: Row and Column Vectors of a 2 x 3 Matrix
Let

The row vectors of A are
n=[2 110 and rm=[3 —1 4]

and the column vectors of A are

DEFINITION: If A is an m x n matrix, then the subspace of R"spanned by the row
vectors of A is called the row space of A, and the subspace of R™spanned by the
column vectors of A is called the column space of A. The solution space of the

homogeneous system of equations Ax = 0, which is a subspace of R", is called the

null space of A.

THEOREM: A system of linear equations Ax = b is consistent if and only if b is in the

column space of A.

EXAMPLE: A Vector b in the Column Space of A

Let Ax = b be the linear system
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[y 2
L2 1 - I

Show that b is in the column space of A by expressing it as a linear combination of the
column vectors of A.

Solution Solving the system by Gaussian elimination yields (verify)
=2 mn=-=1, x=>3

It follows from this and Formula (2) that

{‘H_ELJ 15| -

| L2 [

The general solution of a consistent linear system can be expressed as the sum of a
particular solution of that system and the general solution of the corresponding
homogeneous system.

EXAMPLE: General Solution of a Linear System Ax=b

In the concluding subsection of Section 3.4 we compared solutions of the linear

systems
. .

1 3 -2 2 0] | m 0 1 3 -2 2 0] | m 0
[z 6 -5 -2 4 —3—| x3 {o—' [z 6 —5 -2 4 —3—| x3 ’7—I—‘
fo 0 5 10 o 15({x|joi ™ jo 0o 5 10 0 15({x| "1 5
[z 6 0 8 4 mJ . 0 [z 6 0 8 4 18|l LﬁJ

LXe LXe_]

and deduced that the general solution x of the nonhomogeneous system and the general
solution xj of the corresponding homogeneous system (when written in column-vector
form) are related by

x| T—3r —4s— 2t [07 —37] —47] r—27]
X3 r 0 | 0 0
I —25 0 n ] n -2 N 0

— = t
X4 . ol ™" ol T 0
Xs t 0 0 0 1
vl L = 4 Li |0 | 0] L 0]

— e g ;

X Xo Xa
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EXAMPLE: Finding a Basis for the Null Space of a Matrix

Find a basis for the null space of the matrix

1 3 2 0 2 0
2 6 —5 -2 4 -3
A= .
0 0 5 10 0 15

=3
=
="
b
%0

Linear Algebra

Solution The null space of A is the solution space of the homogeneous linear system

Ax =0, which, as shown in Example, has the basis

B F—47] B

THEOREM: If a matrix R is in row echelon form, then the row vectors with the

leading 1’s (the nonzero row vectors) form a basis for the row space of R, and the

column vectors with the leading 1’s of the row vectors form a basis for the column

space of R.

EXAMPLE: Bases for the Row and Column Spaces of a Matrix in Row Echelon Form

Find bases for the row and column spaces of the matrix

P -2 5 0 J"l
0o 1 0

lo o o 1 ol
o 0 0 0 o0

]
=}

R =

Solution Since the matrix R is in row echelon form, it follows from Theorem that the

vectors
n=[1 =2 5 0 3]
n=[0 1 3 0 0]
rn=[0 0 0 1 0

form a basis for the row space of R, and the vectors

K

“=lol 27| ol =71y

o] | o Lo

form a basis for the column space of K.
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EXAMPLE: Basis for a Row Space by Row Reduction

Find a basis for the row space of the matrix

-3 4 -2 5 4
e 6 9 -1 8§

| —i g -1 9 71

03 e 2o

Solution Since elementary row operations do not change the row space of a matrix, we
can find a basis for the row space of A by finding a basis for the row space of any row
echelon form of A. Reducing A to row echelon form, we obtain (verify)

{ 1 -3 4 -2 5 4“
0 0 1 3 -2 —6
lo 0o o o 1

Lr;: 0o 0 0 0 [}J

— bd b —
) b

[
|
r

By Theorem, the nonzero row vectors of R form a basis for the row space of Rand

hence form a basis for the row space of A. These basis vectors are

n=[ -3 4 -2 5 4]
r: — |'3| 0 1 i -2 —fll
=0 0 0 0 1 il -

THEOREM: If A and B are row equivalent matrices, then:

(a) A given set of column vectors of A is linearly independent if and only if the
corresponding column vectors of B are linearly independent.

(b) A given set of column vectors of A forms a basis for the column space of A if and

only if the corresponding column vectors of B form a basis for the column space of B.

EXAMPLE: Basis for a Column Space by Row Reduction

Find a basis for the column space of the matrix

(

.-‘1.:|

-

that consists of column vectors of A.

O ™ T O I =
Ll
N
|
N

Solution We observed in Example 6 that the matnx

[1 -3 4 —
00
i

=

=
=2 0 e
oS L b
(=R

LA
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Since the first, third, and fifth columns of R contain the leading 1's of the row vectors,
the vectors

1] 4
0 ] R
“lol’ ol &=

) Lol Lo
form a basis for the column space of R. Thus, the corresponding column vectors of A,
which are

a L

!
©

1 [ 4 5

2 9 8

Ci = 5| cy = K Cs = 9
= | 4] =

form a basis for the column space of A.

The following vectors span a subspace of R*. Find a subset of these vectors that forms
a basis of this subspace.

vi=(1,2,2, =1}, wva=1(-3,—-6,-6,3),

vi=1(499 —4), wvww=i(-2.—-1,-1212),

vs = (5,8,9,—5), vg=1(4,2, 7, —4)

Solution If we rewrite these vectors in column form and construct the matrix that has

those vectors as its successive columns, then we obtain the matrix A in Example
Thus,

span(vy, v, v, va, vs, s} = col(A)

Proceeding as in that example (and adjusting the notation appropriately), we see that
the vectors vy, v3, and vs form a basis for

span{vy, va, v3, va, vs, vg}

EXAMPLE: Basis for the Row Space of a Matrix

Find a basis for the row space of

-3
15 10 ol
6 18 8 6

consisting entirely of row vectors from A.

=
Il
[ O
L

o & o —
|
o b2
=
|
(R =]
=P
- 1

Solution We will transpose A, thereby converting the row space of A into the column
space of AT; then we will use the method of Example 7 to find a basis for the column

space of AT'; and then we will transpose again to convert column vectors back to row
vectors

Transposing A yields

1 2 0 2
-2 -5 5 5—’
AT=1 0 =3 15 18
o =2 10 sl
L3 6 0 raJ

82




Dr-Heba Rawashdeh Linear Algebra

and then reducing this matrix to row echelon form we obtain

1 0 2
[D —5 —I{J—|
0 0 1
lo o o o

o o o o

The first, second, and fourth columns contain the leading 1's, so the corresponding
column vectors in AT form a basis for the column space of AT these are

1 2 2
S .
c = 0], eca=|—3|, and cy=| 18
B ||

Ls] Ll L]
Transposing again and adjusting the notation appropriately yields the basis vectors

n=[1 -2 0 0 3, mn=[2 -5 -3 -2 &,

=Rp=l =

n=[2 6 18 8 6
for the row space of A.

4.6 Rank and Nullity

DEFINITION: The common dimension of the row space and column space of a matrix
A is called the rank of A and is denoted by rank(A); the dimension of the null space of

Ais called the nullity of A and is denoted by nullity(A).

EXAMPLE: Rank and Nullity of a 4 x 6 Matrix

Find the rank and nullity of the matrix

-1 2 0 4 5 —3
3 -7 2 0 1 4

A= i
2 -5 2 4 6 |
L 4 —9 2 —4 —4 ?J

Solution The reduced row echelon form of 4 is

[l 0 —4 —28 —37 |3"‘

0 1 -2 —12 —16 5

lo o o o o ol
0 0

uouJ
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{verify). Since this matrix has two leading I's, its row and column spaces are two-
dimensional and rank({A) = 2. To find the nullity of A, we must find the dimension of
the solution space of the linear system Ax = 0. This system can be solved by reducing
its augmented matrix to reduced row echelon form. The resulting matrix will be iden-
tical to (1), except that it will have an additional last column of zeros, and hence the
corresponding system of equations will be

X —dxy — 28xy — 3xs 4+ 13xs =0

Xy — 2xg — 12xy — lbxs + S5x5, =10
Solving these equations for the leading variables yields
xp =4dxy + 28xs + 3Tx: — 13,

xr = 2xy + 12xs + lbxs —  3Sxy

from which we obtain the general solution

Xy =4r 4+ 28x + 37t — 13u
x=23Ir+ 125+ 16f — 5u

Xy =1r
Xag=2&
Xg I
Xo =N
or in column vector form
[ x,] 4] 28] [37] [—13]
X2 2 12 16 —5
X3 1 0 0 0
x| = ol T o T ol T o
Xs 1] 0 1 0
E _0_ | [J'_ B 0_ L l_

Because the four vectors on the right side form a basis for the solution space,

nullity(A) = 4.

EXAMPLE: Maximum Value for Rank
What is the maximum possible rank of an m x n matrix A that is not square?
rank(A) £ min(m, n)

in which min(m, n) is the minimum of m and n.

THEOREM: If Ais a matrix with n columns, then
rank(A) + nullity(A) = n
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SEERREE
L J

4 —4 7
rank{A) + nullity(A) = &

This is consistent with Example 1, where we showed that

The matrx

[ T O T S T

R I
L

has 6 columns, so

rank(A) =2 and nullity(4) =4 -

THEOREM: If A is an m x n matrix, then
(a) rank(A) = the number of leading variables in the general solution of Ax = 0.

(b) nullity(A) = the number of parameters in the general solution of Ax =0.

EXAMPLE:

(a) Find the number of parameters in the general solution of Ax=0if Aisa5x7
matrix of rank 3.

(b) Find the rank of a 5 x 7 matrix A for which Ax =0 has a two-dimensional solution
space.

Solution (a)

nullity(A) =n -rank(A)=7-3=4

Thus, there are four parameters.

Solution (b) The matrix A has nullity 2, so

rank(A) = n - nullity(A)=7-2=5

THEOREM: If A is any matrix, then rank(A) = rank(AT).

If rank(A) =r, then
dim[row(A)] =r dim[col(A)] =r
dim[null(A)]=n-r dim[null(AT)]=m-—r
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CHAPTERS
Inner Product Spaces

5.1 Inner Products

DEFINITION: An inner product on a real vector space V is a function that associates
a real number {u, v} with each pair of vectors in V' in such a way that the following

axioms are satisfied for all vectors u, v, and win V and all scalars k.

I (u, %) = {v,u) | Symmetry axiom |

Lo (w4 vowl = (u,w) + {v.w)  |Additivity axiom |

(ku, v) = k{u, v | Homogeneity axiom |

4. (v,v) = 0and {v.v} = 0ifand only if v = 0 | Positivity axiom|

A real vector space with an inner product is called a real inner product space.

fu, ¥) = w-v =1y + uatiy + - - - + tigiyy

[¥] = /¥ -v and diu,v) =lu—v|] = fm
DEFINITION: If Vis a real inner product space, then the norm (or length) of a vector
vin V is denoted by ||v|| and is defined by
vl = Vv, ¥)
and the distance between two vectors is denoted by d(u, v) and is defined by
diu,v)=llu—v]l =/ {u—v,u—yv)

A vector of norm 1 1s called a wnit vector.

THEOREM: If u and v are vectors in a real inner product space V, and if k is a scalar,
then:

(@) |Iv]l = 0 with equality if and only if v = 0.
(&) |lkv|l = [Kl]v]l.

(c) dlu,v)=d(v,u).

(dy diu,v) = 0 with equality if and only ifu = v.

Although the Euclidean inner product is the most important inner product on R”,

there are various applications in which it is desirable to modify it by weighting each

term differently. More precisely, if

W1, W2, ..., Wn
are positive real numbers, which we will call weights, and if u = (us, uy, ..., us) and
v=(vy, Vy ..., Vs arevectorsin R", then it can be shown that the formula

(u, ¥} = wynjuy + wansty + - -+ Welig Uy
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defines an inner product on Rn that we call the weighted Euclidean inner product

with weights wiw,, . .., wh.

EXAMPLE:

Let u = (uy, u2) and v = {vy, v1) be vectors in R Verify that the weighted Euclidean
inner product

fw, v} = 3wy + 2w

satisfies the four inner product axioms.

Solution
Axiom 1: Interchanging u and v in Formula (3) does not change the sum on the right
side, so {u, v) = {v,u).
Axiom 2: If w = (wy, wa), then
(u4+ v, w) = 3y + vdwy + 2(us + va)um
= Jywy + vyury) + 2usws + )
= (3w + 2uauws) + (uguy + 2vaus)
= (u, w) + (v, w)
Axiom 3 {ku, v) = 3(ku v + 2(kuz v
= k(3w vy + 2uavg)
= kiu, v)

Axiom 4 {v, ¥} = 3wy + 2w = 31=._:' —2115 =0 with equality it and only it
vy = vy = 0, that is, if and only if v = 0. -

DEFINITION: If Vis an inner product space, then the set of points in V that satisfy
Jul=1

is called the unit sphere or sometimes the unit circle in V .

CHAPTERS
Eigenvalues and Eigenvectors

5.1 Eigenvalues and Eigenvectors

DEFINITION: If A is an n x n matrix, then a nonzero vector x in R" is called an

eigenvector of A (or of the matrix operator Ta) if Ax is a scalar multiple of x; that is,
Ax = Ax

for some scalar A. The scalar Ais called an eigenvalue of A (or of Ta), and x is said

to be an eigenvector corresponding to A.
Example:
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1
The vector x = |:q

i| is an eigenvector of

i 0
[l

corresponding to the eigenvalue A = 3, since

osf J0-B-

Geometrically, multiplication by A has stretched the vector x by a factor of 3

THEOREM: If Ais an n x n matrix, then A is an eigenvalue of A if and only if it satisfies

the equation

det(Al-A)=0

This is called the characteristic equation of A.

Example: Use the characteristic equation to find all eigenvalues of this matrix.

s 4

det(Al-A)=0
10 3 0 3-4 0

A - = =3-1)(1+1)=0
0 1 8 -1 -8 A+

A=3-1

Example:

Find the eigenvalues of

FJ | u“
A=10 0 1

L4 —17 SJ

Solution The characteristic polynomial of A is

o1 0
dct{}_!—ﬁ.}zdct’r [V - —‘:;_1—5;.3+|?*_—4
PR

The eigenvalues of A must therefore satisfy the cubic equation

Polimi—4=0
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A=Al —ar+D =0
A=4, A=2++3, and 1=2-43

THEOREM: If Ais an n x n triangular matrix (upper triangular, lower triangular, or

diagonal), then the eigenvalues of A are the entries on the main diagonal of A.

By inspection, the eigenvalues of the lower triangular matrix
( 0 [}"l
A=1]- 0

I
and A = —1 -

2
3 1

[ = ] P

lﬁl.l:. [ )

4

are L = l A=

THEOREM: If Ais an n x n matrix, the following statements are equivalent.
(a) A is an eigenvalue of A.

(b) Ais a solution of the characteristic equation det(Al - A) = 0.

(c) The system of equations (Al — A)x =0 has nontrivial solutions.

(d) There is a nonzero vector x such that Ax = Ax.

EXAMPLE: Find bases for the eigenspaces of the matrix

-1 3
A=
2 0
Solution The characteristic equation of A is
A4 1 —3| )
' . =AA+ ) —6=(A =202 +3)=0
P - A

s0 the eigenvalues of A are & = 2 and A = —3. Thus, there are two eigenspaces of A,
one for each eigenvalue.
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--[2]

is an eigenvector of A corresponding to an eigenvalue A if and only if (A] — A)x =0,

that is, _
A+1 =3 |x 0
—2 A= |0

In the case where A = 2 this equation becomes
3 -3 [x 0
2 2| fx| |0

X =t, xp=t

By definition,

whose general solution 15

{verify). Since this can be written in matrix form as

it follows that

is a basis for the eigenspace corresponding to 4 = 2. 'We leave it for you to follow the
pattern of these computations and show that

:

b |t

o

is a basis for the eigenspace corresponding to A = —3. 4
-2 -3[x ] [0
-2 -3 X | |0
-2 =3[ x| [0
0 0 x| |O

-2X1-3%2=0 , -2x1=3x, X1=-(3\2)X2
x2=s , -(3/2)s

3
-2 -3/2
X:{Xl}: 28 ) [ }
X, S 1

EXAMPLE: Find bases for the eigenspaces of

0 0 -2
A=|1 2 1
1 0 3
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A 0 2
AM-A=-1 1-2 -1
-1 0 A-3

det(Al —A) =2 -51*+81-4=0

(A-D(A1-2)*=0

A=1L1=2

is an eigenvector of A corresponding to A if and only if x is a nontrivial solution of

(Al - A)x =0, or in matrix form,

A 0 2 | x 0
-1 2-2 -1 |x,|=|0
-1 0 A-3| x| |O

In the case where A = 2,

2 0 2|x 0
-1 0 -1|x,[=|0
-1 0 -1|x, 0

Solving this system using Gaussian elimination yields (verify)
X1=-5,X2=t,X3=5

Thus, the eigenvectors of A corresponding to A =2 are the nonzero vectors of the

form
-8 -1 0
x=|t |=s| 0 |+t|1
S 1 0

are linearly independent ,these vectors form a basis for the eigenspace corresponding
tod=2

If A = 1, then
1 0 2 X 0

~1 -1 -1|x,|=|0
1 0 -2|x| |0
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Solving this system yields
X1=-25, X2=S5,X3=8§

Thus, the eigenvectors corresponding to A = 1 are the nonzero vectors of the form

-2s -2 -2
X=| s |=s| 1 sothat | 1
S 1 1

is a basis for the eigenspace correspondingto A = 1.

THEOREM: A square matrix A is invertible if and only if A = 0 is not an eigenvalue of

A.

EXAMPLE: Eigenvalues and Invertibility
The matrix A in previous Example is invertible since it has eigenvalues A =1 and A = 2,
neither of which is zero. We leave it for you to check this conclusion by showing that

det(A) #0.

THEOREM: Equivalent Statements

If Ais an n x n matrix, then the following statements are equivalent.
(a) A is invertible.

(b) Ax =0 has only the trivial solution.

(c) The reduced row echelon form of A is In.

(d) A is expressible as a product of elementary matrices.

(e) Ax = b is consistent for every n x 1 matrix b.

(f) Ax =b has exactly one solution for every n x 1 matrix b.
(g) det(A) 0.

(h) The column vectors of A are linearly independent.

(i) The row vectors of A are linearly independent.

(j) The column vectors of A span R".

(k) The row vectors of A span R".

(I') The column vectors of A form a basis for R".

(m) The row vectors of A form a basis for R".

(n) A has rank n.
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(o) A has nullity 0.
( p) The orthogonal complement of the null space of A is R".
(g) The orthogonal complement of the row space of A is {0}.

(u) A =0is not an eigenvalue of A.

5.2 Diagonalization

Products of the form P~*AP in which A and P are n x n matrices and P is invertible will
be our main topic of study in this section. There are various ways to think about such
products, one of which is to view them as transformations A>P~1AP in which the
matrix A is mapped into the matrix P~AP. These are called similarity
transformations. Such transformations are important because they preserve many
properties of the matrix A. For example, if we let B = P1AP, then A and B have the

same determinant.

Property Description

Determinant A and P~AP have the same determinant.
Invertibility A is invertible if and only if P~ AP §s invertible.
Rank A and PAP have the same rank.

Nullity A and P7'AP have the same nullity.

Trace A and P7'AP have the same trace.

Characteristic polynomial | A and P~ AP have the same characteristic polynomial.

Eigenvalues A and P AP have the same eigenvalues.

Eigenspace dimension If & is an eigenvalue of 4 (and hence of P~'AP) then the cigenspace
of A corresponding to A and the eigenspace of PAP
corresponding to A have the same dimension.

DEFINITION: If A and B are square matrices, then we say that B is similar to A if there

is an invertible matrix P such that B = P"1AP.
DEFINITION: A square matrix A is said to be diagonalizable if it is similar to some

diagonal matrix; that is, if there exists an invertible matrix P such that P1AP is

diagonal. In this case the matrix P is said to diagonalize A.
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THEOREM: If A is an n x n matrix, the following statements are equivalent.
(a) A is diagonalizable.

(b) A has n linearly independent eigenvectors.

THEOREM
(@) If A1, Ay, . .., Ak are distinct eigenvalues of a matrix A, and if v, vy, . .., Vi are
corresponding eigenvectors, then {vi, v, . . ., vk} is a linearly independent set.

(b) An n x n matrix with n distinct eigenvalues is diagonalizable.

\ Procedure for Diagonalizing an 2 x a2 Matrix

Step 1. Determine first whether the matrix is actually diagonalizable by searching for
n linearly independent eigenvectors. One way to do this is to find a basis for
each eigenspace and count the total number of vectors obtained. If there is
a total of n vectors, then the matrix is diagonalizable, and if the total is less
than n, then it is not.

Step 2. 1f you ascertained that the matrix is diagonalizable, then form the matrix
P=Ip, p, --- p,]whosecolumn vectors are the n basis vectors you ob-
tained in Step 1.

Step 3. P7'AP will be a diagonal matrix whose successive diagonal entries are the
eigenvalues Ay, A2, ..., Ay that correspond to the successive columns of P.

EXAMPLE:

Find a matrix P that diagonalizes

A=11
]

= b=
led =

Solution In previous Example of the preceding section we found the characteristic equation of
Ato be

(A—D(xh—2"=0

and we found the following bases for the eigenspaces:

—1 ] -2
A=2 p= 0 p:= 1|1 A=1: ;= 1
1 0 1

There are three basis vectors in total, so the matrix
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diagonalizes A. As a check, you should verify that
1 0 ][0 0

P7UAP = ] ] 1 1
—1 0 -1 ]

=

0
of 4

Il
=

-2
I 0
3

[=T i¥
= k3

In general, there is no preferred order for the columns of P. Since the ith diagonal
entry of P~IAP is an eigenvalue for the ith column vector of P, changing the order of
the columns of P just changes the order of the eigenvalues on the diagonal of P7IAP.
Thus, had we written

-1 -2 0
P=}| 0
1

(=]

in the preceding example, we would have obtained

F 0 n'l
P AP =10 1 0

0 0o 2

Example

Show that the following matrix is not diagonalizable:

{100]
A=1 1 0

2
-3 5 12
Solution The characteristic polynomial of A is
A—1 0 0
dethf —Ay=| =1 2-=2 0 |[=@G-DA-2)7
3 -5 A-2

$0 the characteristic equation 18
(h—Dh—2"=0

and the distinct eigenvalues of A are & = | and A = 2. We leave it for you to show that

b‘HECE ﬁ][ I]'il: Clgcnspﬂﬁcs dare
| D
:_ J'. = _:: P-'\ = D

A=1: p]:[—

1 il

Since A is a 3 x 3 matrix and there are only two basis vectors in total, A is not

[ E - B

diagonalizable.
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THEOREM: If k is a positive integer, A is an eigenvalue of a matrix A, and x is a
corresponding eigenvector, then AXis an eigenvalue of Akand x is a corresponding

eigenvector.

In Example 2 we found the eigenvalues and corresponding eigenvectors of the matrix

[1[}{:"
A=1 1 0

-3 2

| ]

(]

Do the same for A7,

Solution We know from Example 2 that the eigenvalues of AareA=1andA=2,so
the eigenvalues of A7areA =17 =1 and A =27 = 128. The eigenvectors p1 and p2
obtained in Example 1 corresponding to the eigenvalues A =1 and A =2 of A are also

the eigenvectors corresponding to the eigenvalues A =1and A = 128 of A’.

Suppose that A is a diagonalizable n x n matrix, that P diagonalizes A, and that

Ay 0 - D
0 i --- 0
PlAP = . . ] =D

| :
[0 0 - 2

EXAMPLE: Powers of a Matrix
Find A13, where

Solution We showed in Example 1 that the matrix A is diagonalized by

[—1 0 —z"l
p=1 0o 1 1
]

1 0 lJ
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and that

F 0
D=P AP =10 2
0 0

1 o0 =222 o

puEp-t—| o 1 1|0 29

1 o 1||lo o

—8190 —lfﬂﬁ'-'—‘

—=| 8191 8192 8191

8191 mgaJ

CHAPTERS®G

6.1 General Linear Transformations

Linear Algebra

DEFINITION If f is a function with domain R” and codomain R™, then we say that

fis a transformation from R" to R™ or that f maps from R" to R™, which we denote

by writing f :R">R™

In the special case where m =n, a transformation is sometimes called an operator on

R".

EXAMPLE:
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The transformation from R* to R* defined by the equations
wy = 2x; — 3+ x3— Sy
wr =4dx; + x2—2x3 4+ xy
i = 1) — x4 4

can be expressed in matrix form as

’713,—‘ F —3
uy | = | 4 1 -
1y 5 —1

from which we see that the transformation can be interpreted as multiplication by

[2 -3 |—5"
A=14 1 —2 1

LS —1 4 CIJ

Although the image under the transformation T4 of any vector

For example, if
1

—3

[ JI

X =

-
=

(=]

then it follows that

[::;]:Td{x}:hzﬁ _-: —’_l’ i
Ln) s o) o b

THEOREM For every matrix A the matrix transformation Ta:R"->R™ has the following
properties for all vectors u and v and for every scalar k:

(a) Ta(0) =0

(b) Talku) = kTa(u) [Homogeneity property]

(€) Ta(u +v) = Ta(u) + Ta(v) [Additivity property]

(d) Ta(u = v) = Ta(u) = Ta(v)

THEOREM T :R"->R™ js a matrix transformation if and only if the following

relationships hold for all vectors u and v in R" and for every scalar k:
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(i) T(u+v)=T(u)+ T (v) [Additivity property]

(ii) T (ku) = kT (u) [Homogeneity property]

EXAMPLE

Find the standard matrix A for the linear transformation T: R? — R? defined by the
formula

2x + x2

T (|:1’:|) = | x; — 3x
X3

L —x1 + X3

e

ot (-] = re-r (-5

Thus, 1t follows from Formulas (15) and (16) that the standard matrix 15

.
A=[Tie;) | Tiex)]l = 1 -3
—1 1

For the linear transformation in Example, use the standard matrix A obtained in that
example to find

)
e e

EXAMPLE
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Rewrite the transformation T (x;, x3) = (3x; + x2, 2x; — 4x3) in column-vector form
and find i1ts standard matrix.

Solution

DEFINITION If T: V W s a mapping from a vector space V to a vector space W,
then Tis called a linear transformation from V to W if the following two properties
hold for all vectors u and vin V and for all scalars k:

(i) T(ku) = kT(u) [ Homogeneity property ]

(ii) T(u + v) = T(u) + T(v) [ Additivity property ]

In the special case where V = W, the linear transformation T is called a linear

operator on the vector space V.

THEOREM If T : V > W s a linear transformation, then:
(a) T(0) = 0.
(b) lu-v)=T(u)-T(v) foralluandvinV.

EXAMPLE

Let p= pix) =y + c1x + - - + cpx" be a polynomial in Py, and define the transfor-
mation T: Py — Poyq by

Tip) =Tip(x)) = aplx) = cpx + x4+ -+ g™

This transformation is linear because for any scalar k and any polynomials p; and p; in
P we have
Tikp) = Tikpix)) = xlkp(x)) = kixp(x)) = kT(p)

and
Tip; + p2) = Tipi(x) + pai(x)) = x(pr(x) + pai(x))

= xpi(x) + xpa(x) = Tip,) + Tipy)

EXAMPLE
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Let vy be any fixed vector in B", and let T: R" — R be the transformation
Tix) = (x+ w)

that maps a vector x to its dot product with v,. This transformation is linear, for if & is
any scalar, and if w and v are any vectors in R®, then it follows from properties of the dot
product in Theorem 3.2.2 that

Tiku) = (ku) « vy = kiu«vy) = kT (u)
Tiu+v)=(u+v)-vpg={u-v)+ (v-vy) = Tiu) + T(v)

EXAMPLE

Let Mgy be the vector space of n x n matrices. In each part determine whether the
transformation is linear.

(@ TWAY=AT (b) Ta(A)=det(A)
Solution [a) It follows from parts () and (d) of Theorem 1.4.8 that

Ti(kA) = (k)T = kAT = kTi(A)
THA+B)=(A+B)T = AT + BT = T{(A) + Ty(B)

so T} is linear.
Solution (b} It follows from Formula (1) of Section 2.3 that
T (kA) = det(kA) = k" det(A) = k" T2(A)

Thus, T is not homogeneous and hence not linear if n = 1. Note that additivity also fails
because we showed in Example | of Section 2.3 that det{A + B) and det{A) + det(B)
are not generally equal.

EXAMPLE

Let V be a subspace of F{—x, =), let
L P 7|

be a sequence of distinet real numbers, and let T: V' — R" be the transformation
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that associates with f the n-tuple of function values at xy, x2, ..., Xg. We call thus the
evaluation transformation on V at xy, xa, ..., Xg. Thus, for example, if

n=-1 x=2 x=4
and if f(x) = x* — 1, then
T(f) = (f(x1), flxa), flxz)) = (0,3,15)

The evaluation transformation in (2) is linear, for if k is any scalar, and if f and g
are any functions in V| then

Tikf)

(k). (kF ) ), o (kf)(x,))
(kfixi), kf(xa), ... kf(xq))
= k( flx), flxa), ... flxa)) = kT(f)

and
T(f +g) = ((f + &) x). (f + )x)..... (f + g)ixa))
= (flx) + glxy), flxa) + glxa), . ... flxa) + glxa))
= (fix)), flx), ... j'{xﬁ]} + (g(x)). gl(xa), ... g{xﬁ]}
=T(f)+ T(g) <

THEOREM Let T: V > W be a linear transformation, where V is finite-dimensional.
If S={vi, v, ..., vn}is a basis for V, then the image of any vector v in V can

be expressed as

T(v) = c1T(v1) + c2T(v2)+- - -+cnT(Vn)

where ¢y, ¢, . . ., Cnare the coefficients required to express v as a linear combination

of the vectors in the basis S.

EXAMPLE
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Consider the basis § = {v{, v3. v1} for R®, where
vi= (L L1), va=(L10), w=(100)
Let T: R* — R? be the linear transformation for which
Tivi) =(1,00, Tva) =12, —-1), Tivi) =14, 3)
Find a formula for T{xy, x3, x3), and then use that formula to compute T(2, —3, 5).

Solution We first need to express x = (x, x2, x3) as a linear combination of v, v2, and
vy. If we write

(xp, x2.x) = (L1, 1y + el 1,00 4 a1, O, 0)
then on equating corresponding components, we obtain
Ci+ 4+ 03 =X
cy] + 2 = X3
(8] = X3
whichyields o) = x5, = 32 — 33, 03 = ) — X2, 50
(xy, 2o, x3) = xal ], 1 1) 4 (o — 3 (L, 1,0) + (x) — x2)(1,0,0)
= xa¥; + (x2 — x3)vr + (3 — ;)

Thus
Tixy, x2, x3) = xaT(wi) + (x2 — 230 T(v2) + (xp — x2)T(vs)

=xall, 0) 4+ (xz — 23002, —1) 4 (x) — x2)(4, 3)
= (4xy — 2xy — x3, 3 —4dx + x3)

From this formula we obtain
T(2,—3,5=1(9.23)

EXAMPLE An Integral Transformation

Let V = C{—=, =) be the vector space of continuous functions on the interval (—oe, «<),
let W = C'{—o, =) be the vector space of functions with continuous first derivatives on
{—oo, oo), and let J: ¥V — W be the transformation that maps a function f in V into

Jffn=[ foydt
]

For example, if f(x) = x*, then

LI .I‘j x xi
J ) = _ﬂl = — —= —
() fu tdt Ju 3

The transformation J : V' — W is linear, for if k is any constant, and if f and g are any
functions in V, then properties of the integral imply that

J{-{'f]:[ kf{;}dr:k[ fleydt =kJ(f)
] +0

J{_f'+g]=f I:_f'fi']—kg{i']}ﬂlf:f. fl{r}d!+[l gltydt = J(f)+ Jig) 4
o a

0

Kernel and Range
DEFINITION If T: V > W s a linear transformation, then the set of vectorsin Vthat T

maps into 0 is called the kernel of T and is denoted by ker(T ). The set of all vectors in
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W that are images under T of at least one vector in Vis called the range of Tand is

denoted by R(T ).

EXAMPLE Kernel and Range of the Zero Transformation
Let T: V- W be the zero transformation. Since T maps every vector in Vinto 0, it
follows that ker(T ) = V. Moreover, since 0 is the only image under T of vectorsin V, it

follows that R(T ) = {0}.

EXAMPLE Kernel and Range of the Identity Operator
Let /: V -V be the identity operator. Since / (v) = v for all vectors in V, every vector
in Vis the image of some vector (namely, itself); thus R(l) = V. Since the only vector

that I maps into 0 is 0, it follows that ker(/) = {0}.

EXAMPLE 16 Kernel and Range of an Orthogonal Projection

Let T:R3*->R3 be the orthogonal projection onto the xy-plane. As illustrated in Figure
a, the points that T maps into 0 = (0, 0, 0) are precisely those on the z-axis, so
ker(T ) is the set of points of the form (0, 0, z). As illustrated in Figure b, T maps

the points in R? to the xy-plane, where each point in that plane is the image of each

point on the vertical line above it. Thus, R(T ) is the set of points of the form (x, y, 0).

(0, @, 0)

(x, p. )

{a) ker(T)1s the z-axis. i) R T)is the entire xy-plane

EXAMPLE Kernel of a Differentiation Transformation

Let V = CY(-oo, o0) be the vector space of functions with continuous first derivatives
on (—oo, =), let W = F(—oo, >0) be the vector space of all real-valued functions defined
on (-eo, o), and let D: V > W be the differentiation transformation D(f)= f'(x).
The kernel of D is the set of functions in V with derivative zero. From calculus, this is

the set of constant functions on (—eoo, o),
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THEOREM If T : V > W s a linear transformation, then:
(a) The kernel of T is a subspace of V.
(b) The range of T is a subspace of W.

Compositions and Inverse Transformations

DEFINITION If T: V > W s a linear transformation from a vector space V to a vector
space W, then T is said to be one-to-one if T maps distinct vectors in Vinto distinct

vectors in W.

DEFINITION If T: V > W s a linear transformation from a vector space V to a vector
space W, then Tis said to be onto (or onto W) if every vector in W is the image of at

least one vector in V.

¥ W ¥ W Foag—===" W o e— W

8 -

————— % 8 @ T = —————

— »» ——— g - -
=" — Range Range
—_— ———= of T P of T
One-to-one. Distinct Mot one-to-one. Thare Onto W. Every vector in Mot onto W. Not every
vectors in ¥ have exist distinct vectors in W is the image of some vector in W is the image
distinct images in W, ¥ with the same image. vector in V. of some wector in F.

THEOREM If T : V > W s a linear transformation, then the following statements are
equivalent.
(a) T is one-to-one.

(b) ker(T ) = {0}.

THEOREM Let T: R" = R " be a linear transformations and let A be the standard
matrix of T. Then, the following are equivalent,

1. Tisinvertible.
2.Tis 1-1.
3. Aisinvertible.

And, if Tis invertible, then the standard matrix of T "1is A™1.
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EXAMPLE An Inverse Transformation

3 0
[T]=]-2 —4 3
5 2

Let T: R* — R* be the linear operator defined by the formula
Tixy, x2, x3) = (3x; + x2, — 22 — dxp + 3x3, Sxp 4+ 4 — 2x3)
Determine whether T is one-to-one; if so, find T~ (xy, 2, x3).

Det([T])= (24+15+0)-(0+36+4)=-1 then T is 1-1

This matrix is invertible, the standard matrix for T1is

4 -2 -3
|T"|=[T]"=[—l] 6 9]
—12 7 10
It follows that

X X 4 =2 =3 X ’7 4.1'| — 2.1'2 — 3IJ—|
T! ( X7 ) = [T_I] x|l=|-11 6 9 x| =1 —1lx; + bxy + 9x
X3 X3 —12 T 10 Lx L—ll‘r. + Txa + lﬂIJJ

Expressing this result in horizontal notation yields
T Yxy, x2, x3) = (dxy — Qx5 — Ixy, —1lxy + 633 + 9x3, —12x; + T2 + 10x;)
EXAMPLE Find the standard matrix for the linear transformation defined by the
linear equations and determine whether the operationis 1-1
a) wi=8x1+4x;
W2=2X1+X2
b) wi=-X1+3X2+2X3
W2=2X1+4X3
W3=X1+3X2+5X3

Solution:

a) [T]{z ﬂ

det[T]= 8-8=0 then [T] not invertible and not 1-1

-1 3 2
b) [T]=|2 0 4
1 35

det[T]=-6 then [T]is invertible and 1-1
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